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ABSTRACT property that the correlation between samples increases as the dis-

We consider a problem of broadcast communication in a multi-hop @nce between them in the grid decreases. Eashants to com-
sensor network, in which samples of a random field are collected municate an approximation of if; to every other node n the net-

at each node of the network, and the goal is for all nodes to obtain work. EaCh”i. can qnly send messages to and receive messages
an estimate of the entire field within a prescribed distortion value. from nodes within distanc€’y, where this _connectlwty radlu_s IS
The main idea we explore in this paper is that of jointly compress- chosen so as to ensure that the network will be connected with high

ing the data generated by different nodes as this information travelsp][Obabi"ti [8]. Li(r;_ks ha;]/e a fixed finite capaci, independe(zjn_t d
over multiple hops, to eliminate correlations in the representation ©f N€twork size. Given these assumptions, we are interested in de-

of the sampled field. Our main contributions are: (a) we obtain, us- te[)rm!nlng undpr whafc crc])ndltlonsl It Ilsj posstl)le for each nOHEIDi |
ing simple network flow concepts, conditions on the rate/distortion OPtain an estimate of the sample observed at every network loca-

function of the random field, so as to guarantee that any node cantion v, k = 1,..,N, such thaw; has an estimate of the entire

obtain the measurements collected at every other node in the netfi€!d of samples whose total distorti®{d(S, 5)) < D, for any

work, quantized to within any prescribed distortion value; and (b), prescribed val_ué) 20, an(,i_jor an app[opriate_distort!on'measure

we cogstruct a large class o?‘/];)hysically-motivated stochastic n(10)d- d(-, ). (Note: |f.d(.S, S). = viN:l d(Si, 5:) gnd if the d|str|but.|on .

els for sensor data, for which we are able to prove that the joint of the samples is identical, each sample will have average distortion

rate/distortion function of all the data generated by the whole net- E(d(S:, 5i)) < D/N.)

work grows slower than the bounds found in (a). A truly novel

aspect of our work is the tight coupling between routing and source Independent Encoders

coding, explicitly formulated in a simple and analytically tractable To provide the sought conditions, the first thing we need to do is

model—to the best of our knowledge, this connection had not been find out how much traffic does this network generate. Very clearly

studied before. this question depends on the statistics of the sensed data. For il-
lustration purposes and without loss of generality, consider a sim-

ple example: suppose that is uniform in the rangd0, 1], that
Keywords each node uses a scalar quantizer wittbits of resolution (i.e.,
Multi-hop networks, sensor networks, source coding, routing, cross-the quantization step &), and that distortion is measured in the
layer interactions mean-square sense. A well known result from basic quantization

theory states that the average distortion achieved by such a quan-
1. INTRODUCTION tizer on this particular source ig; 27" [6]. lédding distortions

over all nodes in the network we then have thal’ , d(S;;, Si) =
1.1 Problem Setup L N2727 and hence, solving foB in D = L N27%", we get

that to maintain a total distortion over the entire networlDoéach
sample requires3 = [1log,(135)] bits. As a result, the to-

tal amount of traffic generated by the whole network scales like
O(N log N) in network size. Furthermore, it is important to em-
phasize that although with more sophisticated quantization strate-

“Work supported in part by the National Science Foundation under gies than the simple uniform quantizer considered in this motiva-
grant CCR-0227676 and ONR Contract NO0014-00-1-0564. tional example one could certainly reduce the number of bits gener-
ated for a fixed distortion leveD, this reduction would only affect

constants hidden by the big-oh notation, but@gV log N) scal-

ing behavior of network traffic would remain unchanged [3] (exam-
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bear this notice and the full citation on the first page. To copy otherwise, to strategy (independent quantizers at each node) produces, we need
republish, to post on servers or to redistribute to lists, requires prior specific to know if the network has enough capacity to transport all that

permission and/or a fee. . . .
MOBICOM'02, September 23-26, 2002, Atlanta, Georgia, USA. data. And the answer is0[9]. To see how this is so, consider a

Copyright 2002 ACM 1-58113-486-X/02/00095.00. partition of the network as shown in Fig. 1.

Consider the following data transmission probleM.nodesv;
are placed on the closed g6t 1] x [0, 1], at locations(z;, y;).
Eachv; observes a samplé; of some spatial stochastic process
with rate/distortion functiorRs (D) (see Appendix B), having the




distributedsource coding techniques, that has attracted some atten-
tion recently [11, 12, 15], as multi-hop sensor networks appear to
be the “killer application” for some of these well-established theo-
retical results. The second one is a combination of classical source
coding methods and routing algorithms which, to the best of our
knowledge, has not been explored before.

Distributed Source Coding

Under some mild technical assumptions, recent work has estab-
lished the possibility of usingistributedsource coding techniques
to overcome the problem of vanishing throughputs of [9], that ren-
ders estimation impossible in the case of independent sources [12].
This result is very interesting from a theoretical point of view, since

A it proves that it is possible for each nodgto get rid of all correla-
tion in the datawithoutrequiring nodes to exchange a single bit of
Figure 1: N nodes are spread uniformly over the unit squarg0, 1] x information.
[0, 1] (V large). Take a differential volume of sizeA x A (A small). Whereas certainly interesting in their own right, from the point
With high probability, the number of nodes in a differential volume is of view of an engineer engaged in the design of a practical sensor
~ NAZ, and so the number of nodes in a strip as shown in the figure network, the results of [12] are not very relevant. This is because
is~ NA. Since the total number of nodes isV, we must haveN = the proof developed in [12] to show that arbitrarily accurate esti-

NA x NA (because the total area of the unit square is the product of ~ mation of the remote values is possible—even without any form of
the areas of two strips as shown in the figure, one horizontal and one cooperation among sensing nodes—involves the use of codes for
vertical), and hence we must have that the number of nodes in a strip  the problem of rate/distortion with side information [5, Ch. 14.9].
as shown isNA = O(V'N). Efficient codes for this problem are characterized by the fact that
the probability of all codewords is nearly uniform, irrespective of
) o the statistics of the source and of the length of the blocks used. As a
In the sensor broadcast problem of interest in this work, all the resylt, for practical, short codes (e.g., scalar quantizers), gains due
nodes in the network must receive information about the measure-t entropy coding are negligible. From a theoretical point of view
ments CO”eCted by a.“ Other nOdeS. As a result, a“ the tl’affiC g(?ner' th|s is not a prob'em: by Considering ergodic sources and |arge
and all the traffic generated on the right portion of the network must that these blocks will be uniformly distributed anyway, and hence
be carried to the left. That is, according to our calculation above, no entropy coding is needed [5, Ch. 3]. But from a practical point
the nodes within the strip marked in Fig. 1 must share the load of of view, high-dimensional vector quantizers are not always feasi-
moving O(N log V) bits across this network cut. But since links  pje, and so in practical, short-block settings, it is unclear how much
have finite capacity., the capacity of this cut cannot be larger than  of the gains obtained by these codes by means of exploiting corre-
O(LV/'N). But from the max-flow/min-cut theorem [4, Ch. 27], we  |ations among samples are lost due to the inability of these codes
know that the value CﬂnyﬂOW in this network is upper bounded by to take full advantage of entropy Coding gainsl
the capacity ofany network cut, and therefore, the total transport
capacity of this network cannot be higher th@aLv/N). Routing and Source Coding
And now we see what the problem 18 N log V) bits must go
across a cut of capacit@(L+/N). That is, even optimal vector
guantization strategies cannot compress the data enough so that th
network can carry it—the network does not scalé up.

Whereas requiring that nodes compress all their data without ex-
changing any information at all would certainly be a valid way to
§o about solving this problem, we submit that this approach may
be needlessly restrictive. After all, in multi-hop networks, a mes-
Correlated Samples sage does visit multiple nodes before it reach_es its destination, and

i ) ) therefore one may wonder why not use classical source codes, and

The scaling analysis for independent encoders presented abovgnen re-encode the data as it hops around the network to remove
ignores one fundamental aspect: increasing correlations in sensol.qrelations among samples. Two examples (among many more
data as the density of nodes increases. And indeed, if the data ispossibilities) of such a scheme are shown in Fig. 2.
so highly correlated that all sensors observe essentially the same \\e see from the examples in Fig. 2 that, at the expense of in-
value, at least intuitively it seems clear that almost no exchange of ~reased transmission delays, we can communicate all samples to
information at all is needed for each node to know all other values: 5| nodes generating an amount of traffic which is essentially the
knowledge of the local sample and of the global statistics already same as if one node had collected all the samples and encoded them
provide a fair amount of information about remote samples. And jgintly, and then this information had been broadcast to all other
this naturally raises the question: are thetieercoding strategies  odes. Alternatively, by sacrificing some compression efficiency, it
that can compress sensor data enough? is also possible to incur in lower transmission delays. Thabhese
1.2 Routing and Data Compression is an inherent tradeoff between bandwidth use and decoding delay,

; ~and these two quantities are linked together by the routing strategy
We consider two approaches to the problem of data compressionemployed

for multi-hop sensor networks. One of these is the idea of using  Contrary to the complicated vector quantizers required by dis-

'Techniques based on flows and cuts to analyze information theo-tr.'bu'[ed source chlng, when rauting and source_codlng are com-
retic capacity problems in networks have been proposed in [1], [5, Pined the processing at each node can be done using any of the stan-

Ch. 14.10], In this context, those techniques provide an alternative dard compression technique which are used normally to compress
interpretation for the Gupta/Kumar results [9]. sequences from analog sources (DPCBA- A, subband-coding




/(a)—l\‘ @1 ™=
A b) 2|1
( (9) 413,2,3 ) 3412 (d) 3/4|1,2
(d) 31,2 0123 (© 1.2 o
(@3 ™=
()43 —

Figure 2: Consider a network with 4 nodes, each of which observes a
variable X; (¢ = 1...4), with joint entropy H(X1, X2, X3, X4). Two
possible ways of scheduling transmissions are shown. The notation
used in the figure is that (a) is the first transmission, (b) the second,
(c) the third, and so on; if two transmissions have the same letter label,
they can be performed in parallel; 7|5 means that the sample of node
1 is encoded when knowledge of the sample of nodeis available. Us-
ing chain rules for entropies, we see that in the transmission schedule
of the left figure we generate a total traffic of 3H (X1, X2, X3, X4),
and it takes 8 time slots to complete. In the schedule of the right fig-
ure, we generate more traffic QH (X1, X2, X3, X4) + H(X1, X2) +
‘H(X3, X4) bits), but now we only require 4 time slots to complete all
transmissions.

(b) Proof thatRs, ...s, (D) < O(log(N/D)), under some ex-
tremely mild regularity conditions on the random field. That
is, if the average distortion per sample/N is kept con-
stant, the field generatesb@undedamount of information,
independently of its size. And if the total distortion is kept
constant, the growth aR is only logarithmic inN, well be-
low the total transport capacity of the network, which grows
like O(L+/N) (as argued in Section 1.1 and [9]).

The second question however is outside the scope intended for this
paper, and will be dealt with elsewhere.

Since the sensors are continuous and not discrete sources the the-
oretical tool to analyze the problem is Rate Distortion Theory [5,
Ch. 13], which allows us to determine the minimum number of bits
required to represent the source samples to achieve the desired level
of average distortion. The number of bits is obtained as a function
of the joint statistics of the processonly, without making refer-
ence to a specific quantization algorithm and using the notion of
joint differential entropy rather than joint entropy. To keep this
paper self-contained the reader not familiar with Rate Distortion
Theory can find a succinct description of it in Appendix B.

The rest of this paper is organized as follows. In Section 2 we
compute bounds on the transport capacity of our network, and we
use these bounds to impose constraints on the rates at which the

such as JPEG, etc.). An interesting alternative is using a scalarrandom field sensed can generate information. Then, in Section 3,
quantizer locally and then forward the data in files compressed us-We propose a model for the generation of sensor data, based on
ing universal source coding algorithms, such as Lempel-Ziv. The Which we prove that indeed, the amount of data generated by the
latter option would be effective in more general contexts than the network is well below network capacity. Concluding remarks are
one of sensors networks: indeate believe that the idea of com-  Presented in Section 4.

bining routing with data compression is key to the most general
multi-hop networkshot only composed of sensors. In fact, often-
times distributed communication and routing protocols themselves Using simple network flow concepts, in Section 1.1 we argued

generate correlated and redundant data that are broadcasted througtlﬂat an upper bound on the transport capacity of a network oféize
the ne_twork_and_that can easily cause congestion. Clearly the com-ig O(L+/N). Our goal in this section is to construct one particular
pression ratio will be higher as more_and more_redundant dat"’_‘ arefiow: from the amount of data that this flow needs to push across the
pooled together at each node, but this mechanism would preuselynetwork’ and from the upper bound on the capacity of the network,

beothe onel Fhetlapr]?vints congefrtllon. biectis t id lid th we derive a constraint on the amount of data that the source can
urgoatin this irst paper on the subject IS to provide a solid the- generate if it is to be broadcast over the whole network.
oretical framework based on rate distortion theory (see Appendix

B) which supports these intuitions.

2. TRANSPORT CAPACITY

2.1 A Network Flow on a Regular Grid

1.3 Main Contributions and Organization of We consider first the case of a regular grid, as it naturally pre-
) cedes the construction for a general random grid.

the Paper Suppose that we want to achieve an average distoffion the

In the framework defined abOVe, we see that there are two fun- reproductions OB’u. Let q(Sz) denote a:]uantized\/ersion OfSZ‘,
damental questions that need answers: where the quantizey is such thak (d(S;, ¢(S;)) < D. The en-
tropy induced on the codewords @by quantization of the source
S is denoted by, (S).

We construct a flow recursively. For simplicity, assutNe=
22k for some integek > 0. Whenk = 0, we have the trivial case
of a network of sizeV = 1, in which all nodes (i.e1) know the
value of all samples (i.eS;) without any transfer of information.

Consider now a partition of nodes into 4 groups: Py, con-
This paper focuses on the first question, and our main results are:t&ining all the nodes in the upper-left comer of sige< 3, Pur

nodes in the upper-right cornePy,;, lower-left, andP.r lower-

(a) Proof of the existence of routing algorithms and source codes right. Sp denotes the set of variables observed by nodes in &.set

that require no more tha@ (Rs,...s, (D)) bits in O(\/ﬁ) This partition is illustrated in Fig. 3.
transmissions, whetBs, ...s,, (D) is the joint rate/distortion We have tha?y 1., Pur, Prr, Prr are all subnets of siz&/ =
function of all samples in the field. This would prove that, 22(k=1) “and so from our recursion we get that all nodes within
even under decentralization constraictassicalsource codes  each subnet know the values of all variables within their subnet to
can still achieve optimal compression efficiency. And fur- Wwithin distortion D. But now, we have reduced our problem to the
thermore, attaining that optimal performance requires a num- problem with four nodes considered in Fig. 2, and we know that
ber of transmissions thatssib-linearin the number of nodes ~ exchanging a total 08H,(Spy 1, Spyr, Sp,,Sp, ) bits, in a
in the network. total of 8 transmissions across cuts (pigy/N) transmissions to

1. Under what conditions on the statistics of the source can a
network of the type considered in this work transport all the
data generated by the sources?

2. What are the tradeoffs between bandwidth requirements and
transmission delays?



([ [ (] ([ with simple modifications like this one, the case of a random grid
UL UR is easily reduced to the case of a regular grid described above.

2.3 General Constraints
We know the following facts:

([ [ ] { ([

LL LR e Since{Sp,,,SPyr,SP.., P rt = {S1.--Sn},

(] [ J (] [ ] O (Hq(S1...5n)) bits must go across the 4-way cut defined
by Sur,Sur,SLr,SLR.

Figure 3: Partition of a network of size 4 x 4 into four subnets. « The capacity of the 4-way cut @(L\/ﬁ).

e From rate/distortion theory [5, Ch. 13], we know thé} (S1
...SN) > Rg,..sy (D), sinceq is a quantizer with mean
distortionD.

spread data within cuts), is enough to ensure that every node in the
network of sizeN = 22* knows every value to within distortion
D. This construction is illustrated in Fig. 4.

Therefore, as long as

O(Rs,..sy(D)) < O LVN | @)

there exist codes and routes such that every node can have enough
information to form an estimate of the sample available at every
other node within a prespecified distortion valle

3. AMODEL FOR SENSOR DATA

In Section 2 we saw that, by appropriate routing and re-encoding
along routes, we can compress all the data generated by the en-
tire network down ta (Rs,...s, (D)). Our goal in this section is
to verify that, for reasonable models of sensor data, we have that
eqn. (1) is satisfied, so that the broadcast problem can be effectively
solved.

To be able to talk about “the rate/distortion function of the data
generated by the entire network” we need a model for this data.
The main idea that we would like to capture in our models for sen-
sor data is that, if this data corresponds to measurements of a ran-
dom process with some kind of regularity conditions (as would be

Figure 4: Since each node on the boundary of a cut has knowledge of
all samples within its subnet, each one of them can encode all these sam-

. 1 . i . f
ples jointly and send ;== -th of this data across the cut. Then, in the case for almost any physical process one could conceive), then
O(v/N) more transmissions, all these pieces can be spread throughout ~ these measurements have to become increasingly correlated as the
the subnet to reach all nodes. density of nodes becomes large. We propose to this end a fairly

general class of such models, under two assumptions: (a) the data
For reference, compare the performance of this flow against an gre Gaussian random variables (b) the correlation among samples
ideal one, in which each; holds +-th of ajoint encoding of is an arbitrary spatially homogeneous function; and (c), as we let
Sy...Sy computed by some “genie”: the task in this case is t0 the number of nodes in the network grow, the correlation matrix
broadcast the piece held by each node to all other nodes, so thabonverges to amoothtwo-dimensional function.

all nodes can obtain the values of all measurements. Thatidealized Assumption (a) is a worse case scenario as far as compression is
system still must generate a total 2R, ...s, (D) bits of traffic, concerned, as a consequence of Theorem 4 in Appendix B. Spatial
and still requiresD(v/N) transmissions to complete the broadcast  stationarity, even though not totally general is a technical assump-
(both follow from straightforward calculations). Therefore, we see tion common to many statistical analysis and captures well local
that the only penalty that the flow constructed above takes with re- properties of random processes.

spect to the genie-aided flow is the need to re-encode messages at

intermediate nodes. 3.1 Source Model

: This section establishes the basic model upon which we will
2.2 The Case of a Random Grid base our asymptotic analysis. L&{t) denote the random vector

The only difference between the case of a random grid and the {S(t)}: = Si(t) of the samples collected by the sensors at time
case of a regular grid as considered above is the fact that, in theQur first assumption is:
random case there is a non-zero probability that, in the recursive ) . )
definition of the flow above, we may encounter an empty subnet. (&) S(t) is aspatially correlated random Gaussian vestoy'(0, R).
But in that case, only trivial modifications can take care of this 1he samples are temporally uncorrelated.
problem. For example, in the left schedule of Fig. 2, if node 3 was The temporal independence can be obtained if we assume that the
not there, an appropriate schedule of transmissions would be: (a)power spectrum of the data collected in time is band-limited and
X sent from 1 to 2, (b)X»|X; sent from 2 to 1, (c)X1, X2 sent the data are sampled at the Nyquist rate. In any case, it is not a
from 2 to 3, (d)X3|X1, X2 sent from 3 to 2, (e)X3| X1, X2 sent restrictive assumption and further gains in terms of compression
from 2 to 1. In this case, again using the chain rules for entropies could be obtained exploiting the temporal dependence of the sam-
we get that the total number of bits sen2ib (X1, X2, X3). So ples. Because of the temporal independence, we will focus on one



vector of samples only, and from now on we will drop the time
index.

Considering as distortion measure the mean square error (MSE),

i.e.d(S,S) =S — S|, and putting the constraint
E(|s - 8|1*) < D,

under assumption (al) we can calculate the rate/distortion func-

tion of the network using the well knowverse water-fillinge-
sult [5]. Denoting byA1 > X2 ... > Ay the eigenvalues dR, the
rate/distortion function is

RD) = Ly M @)
- 2% D,
where
K if K< An,
D, — i <.)\ 3)
An otherwise
andK is such that
X
D,=D (4)
n=1
Py . B
For ,_, An > D, there exists an < N such that < A\ and
K > M\at1, therefore:
P
D—" N A
K= —"—"-"— (5)
n
and
X A
D) = ~ 1 =
R(D) 3 8 I (6)

Assuming a given correlation structure among samples, compu-

tation of the rate/distortion function just requires calculating nu-
merically the eigenvalues dR. The covariance matrix is formed
with the samples of the continuous multivariate function that repre-

sents the correlation between the samples taken two arbitrary points

in the network:
{R}ix » E{SiSk} = R(xi, Tk, Vi, Yk)- (7)

The eigenvaluesi, with entries{u}; = u(z;,y;) satisfy the fol-
lowing equation:

X
R(xi, @k, Yi, Yr)u
k=1

A (M) ( _

M (8)

ﬂfk,yk)

Ti, i)

The challenges are: 1) proving that the eigenvalue of the correla-

tion matrix formed with this samples tend to the eigenvalues of the
continuous integral equation:
R(w, &y, v)u'™ (&, v)dédv;

A (g, y) = 9)

2) providing a reasonable model for the continuous integral equa-

tion that allows to obtain the asymptotic rate distortion bound. To
this end, we postulate that

(b) the correlation between points in (7) is spatially homogeneous:
R(x7§ayvl/):R($7E’yil/)v (10)

The consequent structure BY on a regular grid is also known as
doubly Toeplitzi.e. R is a block Toeplitz matrix with blocks that
are Toeplitz themselves.

Assumption (b) implies that

>

wi,yi) = R(wi—zn,yi— ye)u™(ax, yi) (11)
77!

z,y) = R(z—&y—v)ul™ (€ v)dedv. (12)

A (N

A (000

The advantage of this model is that the empirical distribution of
the eigenvalues dR converges under mild assumptions to the 2-D
Fourier Spectrum of (10), as we see next.

3.2 Asymptotic Distribution of the Eigenval-
ues

To address the first issue we have first to rewrite (8) as a quadra-
ture formula which approximate the integral equation (9). For a
general integral, there will be quadrature coefficientsuch that
the approximation of (9) holds:

X
R(:Ei7 Tk Yi, yk)u
i

~
~

M) (g, yr)a (13)

R(I’ '57 Y, V)U(OO) (57 V)dgdl/

In our case, since we want to explore the convergence of the eigen-
values of (8) rather than having an accurate numerical integration,
we can sety; = 1/N. In fact, normalizing by both sides of (8)

one can note that when (13) is valid also the following approxima-
tion holds

AN~ A, (14)

The assumptions for the approximation (13) that set up the limits
of the approximation in (14) are specified in the following theorem
derived from [10, Sec. 5.4]:

LEMMA 1. Denoting byA(>® an arbitrary eigenvalue of (9)
and byu<°°>(§, v) the corresponding normalized eigenvector, for
N sufficiently large there exist an eigenvalud®fuch that:

P
sy En{R(xi, yi, & v)u(é, v)}
L+ En{u®(§,v)}
whereEn{ f(x,y)} denotes the quadrature error, i.e.:

z2Z >
flz,y)dedy = f(zi,yi)as + En{f(z,y)}.

=1

1
A — NP < X , (15)

Assuming that:

(c.l) For any continuous (z, y) the grid (x;, y;) is such that with
a; = 1/N the quadrature erro€x{ f(z,y)} — 0;

then (15) implies that:
lim AN /N = A,
N—oo
Beside providing the necessary assumption on the grid for the

asymptotic analysis to hold, using the triangular inequality the pre-
vious Lemma allows us to easily prove the following:

COROLLARY 1. The eigenvalues dR and R’ corresponding
to two different grids are such that

F)
L N Ev{R(i, s, & v)u(E, )}
1+ En{u?(§,v)}
% 715\;1 5N{R(w;7y;,§,u)u(§,y)}
1+ En{u?(§,v)}

|)\(N) _ )\/(N)|2 <

+

, (16)



Corollary 1 implies that we can rely on any grid that has the same

asymptotic behavior, such as for example a regular lattice, and ex-

trapolate the asymptotic behavior of the eigenvalues from the latter.
Under the assumption of e can define:

Y&k Vik) » R(@i — o,y — Yr) = {R}iks

Adopting a regular grid covering the square of arehe spacing
between them is; —z = & . = (i —k)/v/N and like-wisev; .
Sze@'’s theorem [7] establishes that asymptotically the eigenval-
ues of a Toeplitz matrix converge to the spectrum of the correlation
function. Essentially, Széds theorem establishes that the eigen-
functions of an homogeneous kernel tend to be the Fourier basis
of complex exponentials. The result can be generalized to the two
dimensional case when the matrix is doubly Toeplitz, i.e.:

77

Y(E/VN,v/VN)e I ) agay1s)

7

lim A (R)

N —oo

= NU(VNf,VNJ).

Before proceeding, a second modeling assumption therefore is:

(c.ly ¥(f, fid bandlimited with respect tdf, f’ bandwidth<
W,ie. W(f, f')=0for|f, f'| > W.

With this assumption, we capture the notion that the limit covari-
ance function varies smoothly in space.

(19)

3.3 Asymptotic Rate Distortion Function of
the Network

The asymptotic rate/distortion function is obtained replacing the
summations in (5) and (6) with integrals o\gt, f,). Specifically,

Figure 5: One dimensional illustration of how the lower bound onK
from eqn. (24) is obtained by bounding the integrals that definei in
eqgn. (22).

average distortion per sample. If kept fixed, then the total amount
of traffic generated by the network is upper bounded by a constant,
irrespective of network size. Alternatively, if we keep the total dis-
tortion D fixed, by considering increasingly larg¥ we let the
average distortiorD/N — 0. And the amount of traffic gener-
ated by doing this grows onlggarithmicallyin IV, well below the
capacity bound)(L+v/N) proved in egn. (1).

3.4 Compression Efficiency vs. Complexity at
the Nodes
Motivated by how much below capacity i3(D) in (25), we are
prompted to consider a special case: joint compression only along
routes consisting of straight lines, instead of joint compression over

because the eigenvalues become asymptotically a continuous functhe entire network (as illustrated in Fig. 6). The amount of traffic

tion, there will be point§f,, f,) whereK = NU (VN f.,V/Nf;).
Let us denote the sets of pointsand f, whered < NW(v/N f.,
VNf,) < K asZ,ie.

T, {(far fs) : 0S NU(VNfo, VNF)) S K} (20)
and similarly forZ. Let us also introduce the s&t
T . A{(forfy) : NU(VNfo, VN > K} (20)
R
D _
K~ 8= s NUY/NVNE)Ady o
7 dfzdfy
The rate/distortion function is:
zZ
R(D) = % tog N‘I’(\/N{;’ VNI g ap,. @3)

Because of (c.ll) the areas of bafrandZ are smaller thad1¥/? /N .
Thus, we have the following lower bound @ (also illustrated in
Fig. 5):

D _ poaw? D
N N
K> a2 = K20 (24)

Together with (c.Il), this justifies the following upper-bound on the
rate/distortion function:

ZZ
RD) < % tog N‘I’(‘gg%‘!ﬁfy) df.df,.
< 2W?log(ND ™ sup(¥(fs, f,))8W?).  (25)

So, we see that the total rate/distortion function over the entire
network isO(log(NN/D)). This is very significant. D/N is the

generated will be clearly higher, since now we are ignoring all cor-
relations across lines. But the scheme is inherently less complex,
and therefore of interest as well.

@ o o o
@ e o o
@ o e o
@ o o o

Figure 6: Partition of the network into independent rows.
Nodes re-encode their messages only if they are in the same
row—across rows, data is routed without any form of process-
ing. Note that the rows are represented on a regular grid for
simplicity [cf. Section 2.2].

Let R™*(D) denote the rate/distortion function of the data gen-
erated by the whole network, but under the constraint that joint
compression is performed only across rows, ignoring dependencies
along columns. Clearly we must have

R'™(D) < VN R(D) = O(VN),

since in this (necessarily loose) upper bound we pretend that each
row produces as much information as the entire network does, and
assuming the average per-sample distortion is kept constant. This
is interesting because we still get the growth rateRdf (D) to
match that in the capacity expression of eqn. (1). Therefore, we
see that we can sacrifice some compression efficiency to gain a po-
tentially big reduction in complexity, by having each node process



at mosty/N samples instead aV. Note also that besides com- What is the minimum number of bits necessary to rep-
pression efficiency, what we lose as well is the ability to reduce resent the data from a discrete source so that they can
the average per-sample distortion by keepindixed and increas- be reconstructed without distortion?

ing NV, since this results in an extra logarithmic term multiplying

VN in the amount of traffic generated, thus violating the capacity The answer is given by the the following theorem [5, Ch.5]:

constraint. .
THEOREM 1. The expected length of any instantaneous D-

ary code for a random variabl& is:

H(X) <L < H(X) + 1 (29)

4. CONCLUSIONS
In recent work on the transport capacity of large-scale wireless

networks, it has been established that the per-node throughput ofrpe proof of the theorem is based on the existence of a coding tech-
the_se networks vanlshes as the number of nqdes becomes Iargenique, Huffman coding, is known to achieve the entropy within one
This result poses a serious challenge for the design of_such networksb—lt—if one symbol is encoded and, if multiple symbols are encoded
some have even argued that large networksnatdeasible, pre- — oqether, the efficiency of Huffman coding tends to be 100% [5].
cisely because of this reason [9]. Previous work however pointed g theory cannot be directly generalized to handle the case of

out that, in the context of sensor networks, the amount of infor- »n5104 so(rcedecause their entropy is infinite even if the signal

mation generated by each node is not a constant, but instead dejg 5 giscrete-time sequence. In fact, the source signal can take any

C@I’qs asthe der|13|tt)y of ZenSIqu nodes mcr_ease;s—ths| Wasf'””Strate(#eal value so that each sample still requires infinite precision to be
with an example based on the transmission of samples of a Brow- 1o yesented exactly. However, once a certain level of distortion is

hian process, with arbitrarily low distqrtion_ (eyen with vanishing accepted, the minimum number of bits necessary to represent the
per-node throughput), by means of using distributed source coding g, ;rce can be calculated just as rigorously as in the case of discrete

techniques [12]. _ sources, resorting to the parallel theory for analog sources which is
In this work we have shown an alternative approach to work calledRate Distortion Theory

around the vanishing per-node throughput constraints of [9]. This
new approach is not based on distributed coding techniques, but in-
stead is based on the use of classical source codes combined witl3. RATE DISTORTION THEORY IN ANUT-
suitable routing algorithms and re-encoding of data at intermediate SHELL

relay nodes. To the best of our knowledge, these are the first results

in which interdenendencies between routing and data compression Rate Distortion is based on the seminal contribution of Claude
P ; g ano pre Shannon who tried to provided a theoretical framework for the rep-
problems are captured in a system model that is also analytically

tractable. And a key (and enabling) step in our derivation was the resentation of a continuous source through discrete symbols [13].

. ; X o .~ Suppose a memoryless continuous source produces a random sam-
cqnstructlon c_)f a far_n_lly of spatial proc_esses_satlsfylng some fa_urly ple S with densityp(.S): the quantization problem boils down to
mild (and easily justifiable from a physical point of view) regularity . . A .
conditions, for which we were able to show that the amount of data represer_mngS‘_ thrpugh discrete values so that, if our measure
generated by the sensor network is well below its transport capac-Of the d[stortlon isd(S, 5), our mappingS — 5'is such that
ity. This provides further evidence that large-scale multi-hop sen- E{d(S,5)} < D. .
sor networks are perfectly feasible, even under the network model  To quantify how many bits are needed to represgiin his 1959

considered in [9]. paper Shannon defined the so caltetd distortion function
APPENDIX RD)= o min o 159 (30)
A. ENTROPY AND CODING where: i A
tio}l]'r}g(zgltirsoggf?r: ;drggfjom variablé with probability mass func- 1(5.8) = < (5. 5) log 1% s @1)

> 3
H(X) = B{~log, P()} = —  P(x)log, P(x). (26)

x

is the average mutual information betwegrandS. In the same
paper he proved the following two fundamental theorems:
For multivariate random variables the generalization is straightfor-
ward: THEOREM 2. The minimum information rate necessary to rep-
resent the output of a discrete-time, continuous-amplitude memory-
H(X1,...,Xn) = E{—logy P(21,...,2n)}.  (27) less Gaussian source based on a mean-square distortion measure

Note also that, the entropy of a vector can be decomposed accord "€ symbol (single letter distortion measure) is:

ing to the so called chain rule, resulting from the iterated applica- 14 2/D) if0<D < o2
tion of the chain rule for probabilit(z, y) = P(z|y)P(y): Ry(D)= ¢ 08(75/D) 'D>— S =S (32)
Jg.
H(X1,...,Xn) = H(X1)+H(X2\X1)+..X (28)

whereo? is the variance of the Gaussian source output.
+ H(anXh..anfl) < H(Xz)

i

THEOREM 3. There exists an encoding scheme that maps the
which was used in Figure 2. The importance of the definition of source output into code words such that for any given distortion
entropy lies in the fact that it provides a very accurate answer to D, the minimum rateR(D) bits per symbol (sample) is sufficient
the following question regarding discrete data sources (i.e. sourcesto reconstruct the source output with an average distortion that is
producing symbols drawn form a discrete alphabet): arbitrarily close toD.



The implication of the two theorems above is tfdtD) is the min- Asymptotics, and Applications in Wireless Netwohes

imum number of bits that can represehtwithin the prescribed been submitted for publication, and is available from
mean-square error if the source is Gaussian. In other words any http://people.ece.cornell.edu/servetto/ .
discrete code5 that represents a Gaussian soufceith a mean- [13] C. E. Shannon, Coding Theorems for a Discrete Source With
quare distortior< D has a Fidelity Criterioninstitute of Radio Engineers,

A International Convention Recorol. 7 (Part 4), pp.
H(S) 2 Rs(D), (33) 142-163, 1959. (Part )b
and the lower bound is asymptotically achievable. The following [14] V. A. Vaishampayan, N. J. A. Sloane, and S. D. Servetto.
important theorem, proven by Berger in 1971 [2], generalizes the Multiple Description Vector Quantization with Lattice
results by Shannon: Codebooks: Design and AnalysiEEE Trans. Inform.
Theory 47(5):1718-1734, 2001.

THEOREM 4. The rate-distortion function of a memoryless, con- [15] Q. Zhao and M. Effros. Optimal Code Design for Lossless
tinuous -amplitude source with zero mean and finite variange and Near Lossless Source Coding in Multiple Access

with respect to the mean-square-error distortion measure is upper- Networks. InProc. Data Compression Conf. (DCC)
bounded as: Snowbird, UT, 2001.
R(D) < %log(a% /D) if 0< D<os. (34)

Berger’s theorem implies that the Gaussian source is the one the re-
quires the maximum encoding rate, if the distortion function is the
MSE. Hence, if our distortion metric is the mean-square error, the
case of a Gaussian source has to be seen as a worse case scenario.
The theorems above have been extended to multivariate sources
which are analogous to the ones we consider in this paper. In par-
ticular, the so calleihverse water-fillingesult used in Section 3 is
the direct generalization of Theorem 2 to the multivariate Gaussian
source.
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