Capacity of Multi-ser vice Cellular Networks with
Transmission-Rate Control: A Queueing Analysis

Eitan Altman
INRIA, BP93, 2004 Route des Lucioles,
06902 Sophia-Antipolis, France
also CESIMO, Facultad de Ingeniera,
Univ. de Los Andes, Mérida, Venezuela

altman@sophia.inria.fr

ABSTRACT

In this paper we compute the uplink capacity of power-
control CDMA mobile networks with an idealized power
control, that contain best-e ort type applications, i.e. ap-
plications whose transmission rate can be controlled. An
arriving best-e ort call is assumedto have a xed amount
of trac to send,sothe transmission rate assignedto it de-
termines the duration of the call. We allow for multi-services
(so that mobile stations have di erent quality of servicere-
quirements). Unlik e some previous published work where
soft blocking was considered (and the system was thus al-
lowed to operate beyond capacity), we assumethat a call
admission mechanism is implemented in order to prevent
a new call to arrive when the system is already saturated.
This guaranteesthe quality of service of ongoing calls. Our
rst result is that slowing the transmission rates in the case
of a single cell with homogeneousquality of service char-
acteristics increasescapacity. This suggeststhat there is a
limit capacity that can be approached when slowing down
the transmission rates. We identify this limit and show that
it has the following property: as long as the arrival rate
of information is below somelevel, blocking probabilit y can
become arbitrarily small by su cien tly slowing down the
transmission rates. We then extend the results to the gen-
eral heterogeneousand multi-cell case.
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1. INTRODUCTION

The traditional way to de ne capacity has beento ask
"how many calls can a system handle". Various de nitions
have beenused. The Erlang capacity which hasbeenusedin
telephony networks is a probabilistic de nition, it species
the arrival rate of calls that the system can allow so that
the probabilit y of blocking of an arrival is lower than some
threshold. Another version of this de nition has beenintro-
duced in [17] for the wireless context where the capacity is
takento bethe rate of calls that the systemcan allow sothat
the probabilit y that the quality of serviceis not attained is
su cien tly small; here calls are not blocked when exceeding
the limit of the system to provide the required quality of
service. In the above de nitions, the transmission rate used
by a call is a xed constant which may be classdependert.

Third generation wireless networks allow for multimedia
applications and new services are proposed, in particular
le transfers, Internet browsing and electronic mail. These
non-interactiv e applications are lesssensitive to the assigned
throughput. We could consider them aspart of a best-e ort
service in which the transmission rate can be assigned by
the base-station For a given rate of arrival of best-e ort
sessions,or calls, the capacity of the system will depend
on the assignedthroughput. However, we assumethat the
total volume Vs of trac created by an application s does
not depend on the assignedtrac. The duration that this
sessionwill be presert and will occupy network resourcesis
Vs=R(s) where R(s) is its assignedtransmission rate. We
assumethat the power control is such that the energy per
bit of the best-e ort application s does not depend on its
transmission rate.

Adding this new exibilit y of transmission rate assign-
ment, the capacity of best-e ort applications can now be
de ned asthe number of sessiongthat the network can han-
dle assuming the "b est possible" assignmer of transmis-
sion rates. We shall also consider the caseof a system with
both best-e ort calls aswell asReal-Time (RT) applications
whose throughput is xed and is not controlled.

For simplicity, we do not take into considerations the ef-
fects of imp erfect power control that have already beencon-
sidered in many previous papers, seee.g. [2, 17]: we assume
that power control is instantaneous and we ignore saturation



phenomenathat imposein practice amaximum on the trans-
mitted power of a mobile. We indicate however (Remark 5)
that e ects of non-ideal power control canbe included in our
model by a simple transformation of the problem's parame-
ters. We restrict in the beginning to a single cell for which
we obtain an explicit expression for the capacity of best-
eort trac. We further study combination of best-e ort
with real-time (non best-e ort) call classes.We nally dis-
cussthe extensionsto the multi-cell case.

The paper is structured as follows. We begin by presert-
ing at section 2 known concepts of capacity as well as a
new concept adapted for best-e ort classes. We also show
in this section that the capacity of a system with homo-
geneousquality of service increaseswhen throughputs are
slowed down. We then compute the best-e ort capacity at
Section 3 which is related to Erlang capacity with very low
input transmission rates. We proceedin Section 4 to study
a system containing both real-time aswell asbest-e ort call
classes.We discussthe multi-cell casein Section 5. We end
with a section that preserts some perspectives and conclu-
sions.

2. DEFINITION OF CAPACITIES

We begin by introducing in Subsection 2.1 capacity no-
tions for a xed transmission rate assignmen, with a xed
number of mobiles of eath class. Based on that, we intro-
duce in Subsection 2.2 an extension of the well known Er-
lang capacity to the multiclass situation and show how it is
computed. In Subsection 2.3, we study the in uence of the
transmission rates of best e ort connections on the Erlang
capacity for the caseof homogeneousquality of service.

Note that lowering transmission rates has two con icting
impacts: on the one hand, less resourcesare needed at a
given time for handling the connections whosetransmission
rates were slowed down. On the other hand (and in con-
trast to real time connections), the transmission duration of
such calls becomeslonger, since the amount of information
to betransmitted doesnot depend on the transmission rate.
We show that the overall result of these competing e ects
is still that slowing the transmission rates increasescapac-
ity. This suggeststhat there is a limit capacity that can be
approached when slowing down the transmission rates.

We identify this limit in Section 2.4 for the single-class
case, and show that it has the following property: as long
asthe arrival rate of information is below somelevel, block-
ing probabilit y can becomearbitrarily small by su cien tly
slowing down the transmission rates (this is similar to the
behavior of the well known Shannon capacity in information
theory, in which we can get an arbitrarily low error proba-
bilit y if we usesu cien tly long codes, aslong aswe transmit
at a rate below the capacity). The multi-class caseis then
discussedin the following section.

2.1 The caseof a xed number of mobiles

Consider uplink power control of a multi-service CDMA
system. Consider an arbitrary sector within some arbitrary
cell. We consider a set K = f1;:::; kg of best-e ort service
classes.Example of best-e ort applications are le transfers,
voice mails, fax.

Let M (s) be the number of ongoing calls of classs which
are active, and let M = (M (1);:::; M (k)) be the vector of
number of active mobiles.

We assumethat when a xed vector M is given, the fol-

lowing standard equation [9] is usedto determine the power
P (s) that should bereceived at the basestation from mobile
s2 K
P(s)
N + lown + lother P(s)

=1s); s=1:3k (1)
where N is background noise, lown is the total power re-
ceived from mobiles within the consideredsector, and | other
is the total power received from mobiles within other sec-
tors and other cells. T s) is the target ratio of the received
power from mobile of classs to the total interference energy
received at the basestation, and is given by

E(s)
W N,

Here, E(s) is the energy corresponding to a transmitted bit
of type s, Ny is the thermal noise density, W is the spread-
spectrum bandwidth and R(s) is the transmission rate (in
bits/s) of classs service.

(s)=

R(s):

Remark 1. Note that we implicitly assumethat the target
value (E(s)=N,) doesnot depend on the transmission rate
R(s). This is a standard assumption in the literature, see
e.g. [7, 8]. In practice, however, it may depend on R(s), see
e.g. [4, p. 151, 222, 239]. But aswe seefrom [4, Fig. 10.4,
p. 222], it is closeto a constant throughout long range of
bit rates. For example, between 16Kbps and 256Kbps, the
maximum variation around the median value is less than
20%. Wethus proposeto take for the value of (E (s)=N,) its
averageor median value over the range of interest. However,
if the exact dependenceis available analytically, it can be
included into our model.

Remark 2. Note that the required quality of service re-
ected through T s) is not only a function of the applica-
tion but also depends on the transport layer. For example,
to achieve a reliable le transfer, typically TCP/IP proto-
col is used at the transport layer which can support packet
losses(due to errors or to congestion) of a few percert by
resorting to retransmission of lost packets. The same ap-
plication may thus be transmitted using di erent levels of
power per bit (which would correspond to dierent classes
in our modeling) depending on the transport proto cols used.

We have

M@()P(3): )

i=1

lown =

To model inter-cell interference we make the standard sim-
plifying assumption [9] that

| other — i I own (3)

for some given constant i which is obtained from measure-
ments.
We shall nd it more useful to rewrite (1) as
P(s)
= (9); 4
N+|own+|other ( ) ()

where

_ 19 _ (9 .
(9= g (9= 1y



s = 1;::;k. Solving the set of k equations (4) yields

i N (s) _
P = :
O T @y LmMon

(The solution is in particular simple to obtain, since by mul-
tiplying the left side of (4) by M (s) and summing over s we
get a single equation with the single unknown
This then provides immediately the values of all the P (s).)

The pole capacity of the system can be de ned as the
polyhedron M of vectors M that make the denominator of
(5) vanish. It is thus given by

Q)

k
M =fM:1=1+i) M(@()( e
j=1

We say that M1 < M, (in the Pareto sense)if M1(j)
M2(j) for all j = 1;::;k, with strict inequality for at least
onej. It is easily seenthat the solution P(s) of (5) is nite
if and only if M < m for somem 2 M

We may slightly changethe above de nition soasto take
into accourt that M (j) are in practice integer numbers (M
belongsto ).

De nition 1. Let M bethe nite subsetof * for which
1> (1+i) 4 M()( ). and let

k
= max(1+i)  m@)( j): (6)
m2M j=1
We de ne the Integer Capacity M g of the system as the
boundary of M for which any additional call would result
in an in nite power assignmen in (5), or equivalently the
set of M 's for which
k
=(@1+10)

i=1

M@G)(CJ):

Remark 3. We note that the power corresponding to one
serviceis nite in (5) if and only if it is nite for all services.
Thus if a call admission control is not usedto avoid exceed-
ing the Integer Capacity of the system then the result is
harmful not only for the call accepted beyond capacity but
also for all other ongoing calls.

We conclude with another useful de nition.

De nition 2. The blocking set MjB of classj 2 K is de-
ned asthe subsetof M for which another call from classj
cannot be accepted,i.e. m 2 M} if and only if

m2M andm+¢g 2M;

where g is the unit vector in direction j.

2.2 Randomnumber of mobiles: a singlecell

We consider the case of a single isolated cell consisting
of a single sector (i,e. i = 0). We now make standard
statistical assumptions [17]: calls of classs arriv e according
to a Poissonprocesswith intensity (s), and their duration
is exponertially distributed with parameter (s). Denote

= (s). Let (s):= (s)= (s) bethe load of classs calls.
At this point we assumethat all calls are always active.

2 M(G)PG).

Remark 4. If this were not the caseand a call of class
s were active with probability ps, our model could still be
useful if we focus on the processof arrival of active periods
of calls, and assumethat it can be modeled as an M/M/S/S
system. Note that in that case, the blocking events will
correspond to blocking of an active period rather than of the
whole session. Alternativ ely, one may intro duce an activit y
factor; we mention a method for transforming a problem
with activit y factor to ours in Remark 5. An example of a
best-e ort application with activity and inactivit y periods
is the HTTP1.1 [10].

We note that the vector of number of callsis an irreducible
ergodic nite Markov chain whose state spaceis given by
M. Let (M) denote the steady state probability of this
Markov chain.

Extending the de nition of Erlang capacity to our multi-
service casewe have:

De nition 3. De ne the Erlang capacity EC( ) asthe set
of vectors = ( (1);::; (k)) such that the corresponding
blocking probability Pg ( ) is smaller than a given .

The Erlang capacity is thus a setinstead of a single constant.

Theorem 1. The steady state probabilities of the Markov
chain are given by

k
_ 1 (" :
(M)—G—_ MG M2M;
s=1
) )
where G = L"](S)
m2M s=1 m(s)!

The probability PS( ) that an arriving call of class s is
blocked and the average glokal blocking probability Pg ( ) are
given by
k
s
PE() = m: Pe()=  —pg:

m2m g s=1

Pr oof. The statements of the theorem are very similar
to [8] and referencestherein (seealso[11]) and the proof can
thus directly be obtained from those references. For com-
pletenesswe sketch the basic idea. The Markov chain has
the same structure as that used in multiclass loss systems
[6, 14] without power control, in which there is a set K of
classesof calls with the samedistribution of arrivals and du-
rations of calls asin our case,in which there is a total given
bandwidth of units, and in which classi 2 K requires an
amount ( i) of bandwidth. We thus interpret the target
ratios ( i) asbandwidth requirement in the equivalent loss
model and obtain the steady state probabilities. Since the
arrival processesare Poisson, the distribution upon arrival
equalsto the steady state distribution (the socalled PASTA
property, seee.g. [18]), which provides the formulas for the
blocking probabilities. [

Remark 5. In [8] (and referencestherein) it is shown in
fact that the general form of the steady state probabilities
in Theorem 1 extends also to the caseof non-perfect power
control and to the casewhere the transmission of a mobile



may be interrupted by silence periods. To handle the latter
casein our framework, we may proceed as in [8] (see also
[17]) and intro duce the activity factor (s) (betweenO and
1). Then M (j) in (2) is replacedby (j)M (j). The impact
on the capacity would be to multiply in (6) each m(j) by

(j). We seefrom the capacity de nition (De nition 1) that
the capacity (and hence blocking probabilities) of a system
with activity factors (j);j = 1;::;k, is equivalent to the
capacity of the original model we analyze (without activity
factors) but where each ( j) isreplacedby (j)( j)- Also,
if we use the approach of [8] we may incorporate the im-
perfect power control in our model by further multiplying
the ( j)'s by someconstants that depend on the standard
deviation of the received signal to interference ratio. We
conclude that in spite of the simplicity of our model, it can
be usedin fact to study also non-perfect power control and
non constant transmission rates. A more precise way to in-
clude both the activity factor and imperfect power control
can be done as in [17] but it does not lead to analytical
expressions.

2.3 Thecaseofhomogeneousjuality of serwice

In order to illustrate the impact of transmission rates on
capacity, we introduce the special casein which all classes
have a common value of = ( s), s= 1;::; k. The arrival
processof calls of classs is Poissonwith parameter (s) as
before, yet the call duration distribution of a class s call
may have a general distribution Gs with mean (s) !. The
system evolution is equivalent to that of a single classwith
arrival rate of = jk=1 (j) and where the distribution
of the duration of an arrival, G, is according to Gs with
probability (s). Thus the expected duration of the arrival
is

We can thus de ne the load of the system as
K
=-= (4):
j=1
The integer capacity of the system is given by
<1lg=d e 1 (8)

where dxe is the smallest integer greater than or equal to x.
Due to the general distribution of the duration of calls, the
processof number of calls in the system, taking values in
M = f1;::;M g gis no more a Markov chain. Still we have
the following:

Mg =maxfm2 N :m

Theorem 2. The steady state probabilities of the Markov
chain are given by

M=M!

- ; M2M:
=m!

(M) =

m2M
The probability that an arriving call of classs is blocked does
not depend on s and is givenbyPg( )= (M ).

Pr oof. Similar to the proof of Theorem 1. The process
of number of calls has the same structure as that used in
loss systems [6, 14] without power control, in which there
is a total given bandwidth of M g and in which ead call

requires an amount of one unit bandwidth. In this equiv-
alent system, the steady state distribution is known to be
insensitive to the call duration distribution (it only depends
on its expectation), see[15]. Sincethe arrival processesare
Poisson, the distribution upon arrival equalsto the steady
state distribution (the so called PASTA property, seee.g.
[18]), which provides the formulas for the blocking probabil-
ities. [

Remark 6. One can even further relax the statistical as-
sumptions under which Theorem 2 holds, by allowing the
call durations to be general stationary ergodic. This means
that the duration of successie calls need not be indepen-
dent. The Theorem then follows from the insensitivity re-
sult of [3]. Dependencebetweendurations of successie calls
may be useful especially when a call represents in fact an ac-
tiv e period rather than a whole connection. For example, a
single HTML application may contain seweral successie le
transfers whose durations may be correlated.

We shall assumebelow that ! (or equivalently ~ 1) is
an integer. We show the impact of the assignedthroughput.
Assume that all classesare best-e ort. Keeping the same
value E (s) of energy per bit for all classeswe slow the trans-
mission rate of all classesby dividing them by a constant
a> 1. In other words, we replace R(s) by R?(s) = R(s)=a.
As a consequence™ aswell asthe call durations are divided
by a. Hencewith the slower transmission rates we get a new
load . = a. From (8) it then follows that the new integer
capacity is

MB;a:da:e 1:

Note that for integer values of ! and a we have

+
a e 1:%:aMB: 9)

MB;azdie 1:d

The steady state probabilities for the new system are

a )"=M!
;a(M)=—M(B_) ;. M=0:1Mesa:
m=1 (& )m=m!
Next we show the in uence of a on the blocking probabilit y

and the Erlang capacity.

Theorem 3. As a increases, the blocking probability de-
creases.

Pr oof. Let X be the state (global number of calls) of
the initial systemand Y the state of the new one. De ne

Z=max(0;Y Mpa+ Mpg):

Thus Z takesvaluesin f0; 1; :::; M g g. For arandom variable
V dened on M wedene ry(0) = 0, and

_P(v=m 1) e .
VM= =m0 M LEMe:
We have for m > 0
m
rx(m) = —;
+ Mg, + da= !
rz(m) — m MB,a MB:m da e
a a
m+ (a 1)=
a



Thus
(a  1)(m B
a

rx rz(m) 0:

It then follows (see[13] and referencestherein) that Z X
or equivalently E[f (Z)] E[f (X)] for any nondecreasing
function f. In particular, by taking f to be the indicator
f(x) = 1fx = M g;ag we conclude that

P(X=Mg) P(Z=Mg)=P(Y=Mga)

from which we conclude that the blocking at the original
system indeed has greater probability than in the system
a. o

If we considerthe homogeneouscaseas an equivalent sys-
tem with a single class (as in the rst paragraph of the
Subsection), then the fact that the blocking probabilit y de-
creaseswith a implies that the Erlang capacity of the one-
dimensional system increases(we usethe fact that for xed
a, the blocking probabilit y increaseswith the input rate, see
[13, 12]).

2.4 Best-efbrt Capacity

We now de ne the capacity in systems with best-e ort
applications. To motivate our de nition, we go back to the
homogeneousmodel of Subsection 2.3. We showed there
that the blocking probabilit y decreasesas the transmission
rate decreases.We now show through a simple calculation
that if < M g then the blocking probabilit y tends to zero
as a tends to innit y. This will then motivate us to intro-
duce a de nition of capacity which, in contrast to the Erlang
capacity, doesnot depend on a given parameter . It will be
more related to the Shannon capacity concept.

Theorem 4. Consider the homageneus systemintr oduced
in Subsetion 2.3, andlet < M g. Then the blocking prob-
ability tends to zero as a tends to in nity.

Pr oof. Chooseany > 0, and choose

m max(l=; M g):
Denote
No( )= m=(M g ):

We have for any integer a > no.

(@a)"8a=(Mga)
s ni@ )l
DMea 2) (Mgaa m)
(a)m
Mga(Mea 1)(MBa 2)
(a)3
MB;a(M B;a l) MB;a+1 1
(a)?
_ Ms(Ms )M & ) (Mg %)+

)

MBa _
a =M B;a!

PE =
B M B a
j=0

M B;a(M B;a

L

+ o+

oIN QO

MeMe HMe

3
M B(MZB 1)

LN

1
+—MB+1 <

3|+

The last equality follows from (9). The inequality beforethe
last follows sincefor any 0 j m and a> no( ) we have
Mg j=a . This establishesthe proof. [

Remark 7. Note that the above proof shows that for any
given , if we slow down the transmission rates by a factor
larger than no( ) then the blocking probability is smaller
than the given . An alternativ e simpler proof that doesnot
give a bound on rate of convergenceis as follows. Let Y (a)
be a Poissonrandom variable with parameter a . Then

s PY@=Mpa) P Y@= Me
" P(Y(® Mea)

(10)
P Y(@=a M3

(where we use (9)). Let Ys;s= 1;::;abeiid. Poissonran-
dom variables with parameter . Then Y (a) has the same
distributon as Z_, Ys. Due to the strong law of Large
numbers, Y (a)=a convergesP -almost surely to its expecta-
tion, ,asa! 1. Since < M g, this implies that the
enumerator of (10) convergesto zero and the denominator
to 1asa! 1, which establishesthe proof.

In order to de ne the best-e ort capacity, we need some
more de nitions. Consider a system where all k classesare
best-e ort classes, where the amount of data that a call
of classs has to transmit has an exponertially distributed
size with parameter (s) (its expected size is 1= (s)) and
the arrival rates of calls of the classesare given by the vec-
tor = ( (1);::; (k). Let the assignedtransmission rate
of class s calls be R(s), and denote R = (R(1);:::; R(K)).
Then the transmission time of classs is an exponertially dis-
tributed random variable with parameter (s) = R(s) (S)
(the expected call duration isthus( (s)R(s)) !). De ne the
utilization density (s) = (s)= (s), and de ne the vector

= ( (1);: (k). Dene

_EQ)
(9=
so that
9= RE (@ and (9= o

andlet = ( (1);:: (K)).

De nition 4. Consider the system described above with
agiven . De ne the BE (best-e ort) capacity asthe supre-
mum of the set of vectors = ( (1);:::; (k)) for which for
any > 0,there eX|stsavectorR = (R(l) R(k)) of trans-
mission rates such that P3( ;R) < for aII s= 15kt

Numerical Example:

Consider a single classhomogeneoussystem as described in
Section 2.3, that handles best-e ort sourcesand o ers them
a high-speed connection, i.e. a large transmission rate of
R = 160K B=sec(i.e. 1.28Mbps). Let = 0:199sothat the
system s dimensioned such that its integer capacity is 5, i.e.
no more than 5 calls can be simultaneously handled. Assume

The supremum is taken in the Pareto sense,i.e. a vector
n belongsto a supremum set satisfying a property, if there
is no other vector larger (in the Pareto sense)than n which
satis es that property, and if for any °> 0 there exists a
vector satisfying the property such that (s) n(s)

for all s= 1;::; k.



that the averageamount of information (e.g. the average le

size) of a connection is 10KB (the averagesize of les trans-
fered on the Internet is known to be between 8-12 KB, see
[16] and referencestherein). The average duration needed
for handling a sessionis ' = 7XE _— = 62:4msec, and

= 16:03.

Assumethat we wish that the blocking probabilit y beinfe-
rior to 1%. Using Theorem 2 we seethat the Erlang capacity
of the systemis = 1:361, which meansthat for having at
most 1% of lossesthe rate of arrival of sessionsshould be
limited to = = 21:8 calls per second.

Table 1 shows the gain by slowing the transmission rates
by a factor of a. For each a it gives the Erlang Capac-
ity EC(1%) as well as the rate  of arriving calls that the
system can handle without exceeding 1% of blocking. In
particular, we seethat we double the capacity by slowing
the transmission rates by a factor of around v e. This could
indicate that among connectionsthat have the samevolume
of information to transmit, connections that are v e time
slower use half of the e ectiv e amount of resourcesthan the
others. Henceif we wereto assignprices per volume of infor-
mation transmitted aswell as of the speedtransmitted, the
slower connections could be priced the half per transmitted
volume than the original ones. The Best-e ort capacity for
this problem is = 5.

3. COMPUTING THE BEST EFFORT CA-
PACITY

Focusing on the single class, we showed in the previous
Section that aslong asthe arrival rate of information is be-
low somelevel, blocking probabilit y can becomearbitrarily
small by su cien tly slowing down the transmission rates. In
this section we establish the sameresult for the multi-class
case.

Theorem 5. The BE Capacity of the system (with Pois-
son arrivals with rate vector and with sizesof calls expo-
nential ly distributed with (vector) parameter ) is given by
the setof satisfying

(s) ()= L (11)

s=1
The proof is basedon two parts.

Lemma 1. If satises ';:1 (s) (s) > 1thenthe block-
ing prokabilities Pg (R) for classess = 1;:::; k satisfy for any

R

Pg (s) (s)> (s) (s) 1> 0

Pr oof. Assume that for some |, 5:1 (s) (s) > 1.
Choose an arbitrary R. De ne the following random pro-
cessestaken to be right contin uous with left limits:
M¢(s):= the number of s-type calls at time t,
A¢(s):= the number of arrivals of s-type calls till time t,
D:(s):= the number of s-type calls that endedtill time t,
Bi(s):= the number of s-type calls that have been blocked
by time t.

Then we have

M¢(S) = Mo(s) + Ai(s) D«(s) Bi(s): (12)

Let (s) = R(s) (s). Note that at time t, the departure rate
of class s has a stochastic intensity of M((s) (s). The loss
rate of classs calls at time t is given by (s)Pg (t) where
P3 (t) is the probability that an arriving call of type s is
blocked at time t, i.e. that M 2 M §. Dieren tiating (12)
and taking expectations we thus obtain
EMOL - () (IPEV:  (13)
The processM . being a nite irreducible Markov chain,
convergesto a steady state distribution, for which the ex-
pected time derivativ e vanishesabove. Multiplying (13) by
(s)= (s), taking the sum over the k classesand omitting t
from the notation (to indicate that we are at steady state),
we obtain
k k
Pg (s) (s)

s=1 s=1

(S)E[M(s)]

(s) () T S)EM(s)

V

(s) (8 1

s=1

which establishesthe proof. (We usedthe fact that

(s) (s) _
T— (s)> (9

and that _ ( s)M(s) cannot exceedl.) [

The above Lemma gives a lower bound on the blocking
probability when (_, (s) (s) > 1. For the homogeneous
casethis gives,in particular,

. () () 1
p s=1 :
T 96

Next, we make the following observation on the way ( s)
scaleswith a. We havefora 1,

ts) 9o (9 _ 4, a
a at (s ()
1o, o0, (14)
a T s) a

Lemma 2. Consider the system with xed vectors and
, and with an arbitrary given rate vector R with positive
components. Assume that __, (s) (s) < 1. Then the
limit asa! 1 of the blocking probability when R is divided
by a is zer.

Pr oof. Let Ys be independert Poissonrandom variables
with parameters (s), s= 1;::;k,andletZ = jk:1 (Y.
Then the steady state probabilities (7) can be rewritten as

K P(Ys = M)
— _i= s S .
M) = Pz ) M2M;
where is givenin (6). Then the blocking probabilit y sat-
ises
s P(Z 1 (s)_PEZ 1 (59).
Pe () P(z<1) ~ 1 P(Z 1) (15)

Next we use Chebyche bound for Z; for any positive real
numbers and we have:

Elexp(_2)].

PE ) el

(16)



Slowing factor a 1 2 3 4 5 6 20
0.199 0.110 0.0764 0.0583 0.0473 0.0398 0.0122
= 0.248 0.124 0.0827 0.0620 0.0497 0.0414 0.0124
M g.a 5 9 13 17 21 25 81
Erlang Cap. EC(1%) 1.361 1.891 2.202 2413 2568 2.688 3.315
Arriv al rate 21.8 30.3 3529 38.67 41.15 43.08 53.13
Averagecall duration in msec| 62.4 124.8 187.2 249.6 312 374 1248
Gain in % 0 43.7 67.4 834 95 104 144

Table 1: Gain in Erlang capacit y by slowing transmission

We recall that the PGF of the Poissonrandom variable Ys
is given by E[ Ys] = exp( (s)( 1)). It then follows that

k

E[exp( 2)] E exp (9)Ys

s=1
k

exp (s)exp[ (s)] 1) :

s=1

> 0 besuch that
(s@+ )

Choosean arbitrarily small > 0 and let

exp[ (9)] 1
Then we obtain for (16):

P(Z ) exp (1+) (s)( s)

s=1

Thus
exp  (1+ ) X, (5(s) 1+ (9

Ps () -
1+ ) o (s 1

1 exp
17)
We now divide all transmission rates by a > 1.

Then the new bound derived from (17) for the blocking
probabilities is obtained by de ning z? = };1 ( Y
whereY; (a) have Poissondistributions with parametersa (s).
We obtain

Psal)
exp af(l+ ) ¥, a(s) a(s) 1g+ a(s)

1 exp a(l+ ) *,a(s) a(s) 1

exp af(l+ ) &, (997(s) 1g+ ( s)

al+ ) L (7)) 1

(18)
1 exp

where the last inequality follows from (14). Condition (11)
implies that

(1+)

s=1

(s)7(s) 1<O0

for all sucien tly small, which implies that P§., tends to
zeroasa! 1. [

Remark 8. Note that the above proof provides alsoa bound
on the rate of convergenceof the BE to Oasa! 1 . A more
direct proof that doesnot provide a rate of convergencecan
be proposedby extending the approach in Remark 7.

rates by a factor of a

4. COMBINED REAL-TIME AND BESTEF-
FORT APPLICATIONS

In this section we examine the situation in which we can
slow down the transmission time of only some classes(of
best-e ort trac); other classesthat may correspond to real
time applications transmit at a xed rate?.

More precisely, we consider = BE classesenumerated by
1;:::;° whose transmission we may slow down and a set of
real-time classes:” + 1;:::; k with xed transmission rate.

For eath parameter a one can use(7) for computing block-
ing probabilities and use it then to compute the capacity.
However, pursuing our approach from previous sections we
proceed to compute the limiting behavior of the system
as the throughput assignedto best-e ort classesis slowed
down. We shall show that slowing the throughputs of best-
eort trac improvestheir performance.

Unlik ethe caseof best-e ort trac only, we cannot expect
the global blocking probabilities to vanish as transmission
rates of best-e ort trac are slowed down for any values of

(s) and (s), aslong as there is positive probabilit y of ar-
rivals of real-time trac. Yet we shall show that for a given
set of parameters of best-e ort calls, their blocking proba-
bilities can be made arbitrarily small by slowing su cien tly
their transmission rate.

Theorem 6. If Jf=1 () (j) 1 then at steady state,
all RT calls are blocked, and the systemis thus equivalent to
one with no RT trac.

(1) Assumethat ; (j) (j) < 1 Dene

M = (m( + 2);::5;m(k)) :
) k
(4) )+ (m@G)<1;
j=1 j="+1
Mg =

(m(C + 1);:5m(k) 2 M :
) k
(J')(J')+‘ (hm@G) 1 (s

=t j="+1

2|n practice also video and voice applications may be trans-
mitted with a lower throughput using various compression
mechanisms. We do not treat this possibility here, we al-
ready assumethat if di eren t possiblethroughputs are avail-
able for the real-time trac then the onesused correspond
to the required quality of these applications (of courselarger
compressionrates result in lower quality). Note that slow-
ing the throughput of real-time applications by a factor of
a does not result in a longer call duration (unless the call
has such a bad quality that speakers have to repeat entire
phrases. This is not an interesting casefrom a systemdesign
point of view).



(2) Assumethat for all s= "+ 1;::;k and for all m 2 M}
we have
k
(1) (4)+

j=1 j=+1

(DmG)y>1 (s): (19

Then the limiting steady-state and blocking probability of a
real-time class are given by Theorem 1 where M is replacd
by M, M & by M and where we restrict summations to
classes™ + 1;::;k. The limiting blocking probabilities of all
BE classesare zem asa! 1 .

Pr oof. Let Ys beindependert Poissonrandom variables
with parametersa (s) for s = 1, and with parameter (s);s=
"+ 1;::k. Denote

Z(a) = a(s)Ys +

s=1 s="+1

( 9)Ys:

Then the blocking probability Pg., of a RT classs when
transmission rates of BE calls are slowed down by an integer
a> lis given by

ps - P (9 Z@<1),
e P(Z(a)< 1) '

(20)

De ne Y. to beindependent Poissonvariables with param-
eter (s), r = 1;::;a. Then Ys has the same distribution

as 2, YJ;s= 15", Now, the strong law of large num-
bersimplies that  _; YJ =aconvergesin distribution to the
constant (s), s= 1;::;°. Sinceliman a a(s)=T s) = 1,

Z(a) convergesweakly to Z asa! 1 , where

K
Z:= (s) (8)+

s=1 s="+1

( s)Ys:

De ne the sets
Aq
(20) implies that
PZ=1)=P(Z=1 (9)=0:

Moreover, P(Z = 0) = 0. It then follows by Portmanteau's
Theorem [1, p. 11],

lm P(Z(a) 2 A1) = P(Z 2 Aq);

[1 ( s):1); Az =[0;1):

lim P(Z(a) 2 A2) = P(Z 2 Az):

Then the enumerator of (20) convergesto P(Z 2 A;) and
the denominator of (20) convergesto P(Z 2 A;). Thus,
de ning the evernt

A = 1 ) G) (s (Y
j=1 j="+
<1 4G) a»
j=1
we have
lim Psa = - P(A) -
ail P, (DYi<1 4 G) @)

P(Y 2M§).
P(Y 2 M)~

The last expression coincides with blocking probabilities of
equivalent loss systems from [6, 14] with the k ° classes
that correspond to RT trac. Thus this expressioncan be
identied with the probabilities stated in the theorem.

We seethat if __, (s) (s) 1then all real-trac is
blocked at steady-state. The system is thus equivalent to
one with no RT trac, and we can use Lemma 1 to show
that BE trac will suer a positive lossrate.

Assume now that (s) (s) < 1. Thereissome > 0
such that

s=1

lim P(As)=0
all

where Aj is the event given by
k
(Mg 5 my) ( sym(s) > 1+

s="+1 s=1

(s) ()

Hence by taking large a, the probabilit y of A; can be made
arbitrarily small. Moreover, due to the strong law of large
numbers, also

P (T 9)=aMs>

s=1 s=1

(s) (s) +

can be made arbitrarily small. Hence the blocking proba-
bility of BE convergesindeedto O asa! 1 sincefor BE
trac to be blocked at the system a we needto have

K
a(s)Ms +

s=1 s="+1

a a(s)=Ts)=1 0O

(s)Ms 1 a(s); s= Ly

and since liman;

5. THE MULTI-CELL CASE

In this section we intro duce a method for approximating
the blocking probabilities (and thus obtaining the Erlang
capacity) for xed transmission rates for the multi-cell case.
Our method is basedon a mean eld approach and on xed
point arguments; we study in particular the existence and
uniqueness of the xed point. We then presert the corre-
sponding BE capacity.

5.1 Blocking probability for the multi-cell case

Our approach is inspired by the approximation used for
computing the pole capacity [9] for the multi-cell case,which
we already mentioned at (5). We assumea symmetric sys-
tem of cells. In our stochastic framework of Poissonarriv als
of calls and exponential call duration, it is not reasonableto
expect that (3) holds at each momert. Instead, we assume
that it holds in expectation: Eflomer ] = i E[lown]. The
mean eld approximation amounts on further assumingthat
the instantaneous interfer ence from other cells is replaced by
its average lomer = i  E[lown]: Wethen get instead of (5)
the relation for the (random) power of type s call:

N ()
1 MO Q

where Q = i jk=1 EM()( j) (the randomness comes
since here, M is a random variable).

For each xed value of Q (possibly di eren t than the value
i jk:1 E[M(j)]( j)), we can obtain the probabilit y distri-
bution of M (s);s = 1;:::; k (under the assumption that calls

P(s) =

(1)



of class s are blocked whenever the denominator of (21)
would vanish or becomenegative if the call were accepted).
More precisely, de ne M (qg) as the set of M for which the
assignedpower according to (21) (with a general parameter
g replacing Q) is nite, and let M § (q) be the blocking set
of classs, i.e.

k
(m(2);::5m(k)) :
j=1
(m@);:;m(k) 2 M
k

(DmG) 1 g (9

i=1

M (d) (Dm@)<1 aq;

M & (q)

Using the samearguments as those usedto derive Theorem
1, we conclude that the steady state probabilites (M ;q)
(for the given parameter q) of M is given by (7), where M
is replaced by M (q); the blocking probabilities are also ob-
tained asin Theorem 1. Denote by Eq the expectation oper-
ator that corresponds to the probability measure (M ;Q).
De ne
K
F(@=1 EqM@GIC(J):

j=1
We can characterize Q as the solution of the xed point
equation:

q= F(q): (22)

Note that F(q) is in fact piecewize constant in g, and has
thus discortin uities. This implies that (22) need not have a
solution. However, the set of valuesof i for which a solution
to (22) doesnot exist has Lebesguemeasure zero. In other
words, a slight changein the value of i will yield a solution.

F (g) is nonincreasing in g which implies uniquenessof the
solution to (22). Indeed, let

k
X(q) = ( M (s)

s=1
in system g. De ne rq(0) = 0, and
rq(m) = Pg(X = m 1)=Py(X = m); m2 M (q):

The for gl < g2wehaverqi(m) = rq2(m) forall m 2 M (qg2).
It then follows from the point 1 after Theorem 3 in [13] that
Eqi[X] Eg2[X] which establishesthe monotonicity.

5.2 Best-efbrt capacity for the multi-cell case
Using the above approach, one can now establish the fol-
lowing using similar stepsasin Section 3:

Theorem 7. The BE Capacity of the multi-cell system
(with Poisson arrivals with rate vector and with sizes of
calls expnentially distributed with (vector) parameter ) is
given by the set of satisfying

k
(+i)
s=1
6. CONCLUDING COMMENTS AND PER-

SPECTIVES

We have studied in this paper the capacity of CDMA sys-
tems that handlesbest-e ort trac whosetransmission rate

(s) ()= L (23)

can be determined by the network. We assumed perfect
power control which allowed us to obtain explicit expres-
sions for the capacity of the network. It was shown that
capacity is in fact approached by slowing transmission rates
of best-e ort trac.

We indicated how non-ideal power control can be inte-
grated into our model. In practice, however, close loop
power control is typically not implemented for packet trans-
missions. One reason for that is that the time it takesto
transmit a packet may be too short for a feedbadk control
to converge, given that closeloop power control is updated
around 1500 times per second. However, our ndings sug-
gest that the system capacity can be improved by slowing
transmission rates. This would make the transmission du-
ration of best-e ort trac longer, which might make closed-
loop power control more appropriate. Still, one could pos-
sibly restrict our approach to those best-e ort applications
that are sucien tly long such as fax, long le transfers (in
particular video on demand in which a whole video le is
transferred), voice-mail, etc.

Throughout our paper, best-e ort calls of a given class
were assumed to have pre-determined transmission rates
(and the question was how to determine them). For large
le transfer applications, as mentioned in the previous para-
graph, this modeling assumption is quite realistic. Some
best e ort applications do not have a constant transmission
rate, seee.g. http transfers (which contain silence periods).
If the instantaneous transmission rates do not depend on
the state of the system, the analysis could be handled within
our model using a proper transformation, as mentioned in
Remark 5. Yet, in other networking contexts, one further
allows the instantaneoustransmission rates of best-e ort ap-
plications to depend on the system's state, seefor example
the ABR (Available Bit Rate) classin ATM networks, or
the TCP congestion control in the Internet. We could also
consider this additional feature in wirelessnetworks o ering
integrated services,in order to better use the resources: at
low congestion periods we could allow for larger through-
puts of best-e ort classeswhich would reduce the duration
of such calls. Even within the duration of a call one could
consider varying the throughput (especially to avoid drop-
ping of calls). We shall pursue these researd directions in
the future.

We followed the standard modeling assumption on the ar-
rivals of sessiongseealso[11, 8, 17]), assumingthat they fol-
low Poisson processes.This implicitly implies that we have
an in nite source of connections. An alternativ e modeling
assumption can be to assumea nite population of sources
of connections, which would give rise to dierent blocking
probabilities and di eren t expressionsfor the capacity.

The BE capacity de ned here was established by a scaling
of the system in which transmission rates were slowed down
by a factor a, and consequettly, the energy per bit was un-
changed, Consequerly, the integer-capacity of the system
(as opposedto the Erlang capacity) grew linearly in a. Ar-
rival rate of calls, as well as the amount of information to
be transmitted were not a ected by this scaling. We should
mention that an equivalent scaling has been studied in the
context of losssystems(without power control) in which the
call durations were not changed, the capacity increasedby a
factor a aswell asthe arrival rates, see[6, 5]. By taking the
limit as a grows to innit y, the trajectories of the system
has beenshown in [5] to convergeto some uid model.
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