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ABSTRACT 1. INTRODUCTION

Clock synchronization is a crucial basic service in typical sensor ~ Clock synchronization is an important service in typical ad-hoc
networks, since the observations of distributed sensors more oftensensor networks. For example, the correct evaluation of distributed
than not need to be ordereda(happened beforb’) or otherwise ~ sensor data may require knowledge about the chronology of the
related (aandb happened within a time window of siz& in time. sensor observations [10]. In addition, energy consumption can be
Ad-hoc networks may exhibit characteristics which make the use of reduced by synchronous power-on and shutdown of the wireless-
traditional clock-synchronization algorithms infeasible. Recently, communication circuits of a sender—receiver pair [2, 3, 13].
algorithms suitable for ad-hoc networks have been presented. Clock synchronization in ad-hoc (and thus wireless) sensor net-
We first propose an improvement to an existing algorithm. While Works poses challenges that are substantially different from those in
needing less computation and no more communication or mem-infrastructure-based networkRobustnessThere is no stable con-
ory than the original algorithm, our new algorithm always yields nectivity between nodesEnergy efficiencySynchronization can
equal or better results and thus outperforms the original algorithm. only be achieved and maintained by communication. Communica-
We then examine how even better synchronization can be obtainedfion is expensive in terms of energy, which typically is a scarce
possibly at the cost of additional computation, communication, and resource for sensor nodesd-hoc deploymenthe clock-synchro-
memory. To this end, we introduce a model for internal synchro- nization service must not rely on any a-priori configuration or on
nization. This model allows us to find an algorithm which makes infrastructure.
use of all the data a node can obtain from the network for a given ~ The conclusion is that traditional algorithms, such as the well-
communication pattern and thus provides optimal synchronization known Network Time Protocol [8], cannot be directly applied in
in our model. ad-hoc sensor networks. One suitable algorithm was proposed in
[10]. However, it does not provide optimal synchronization.

Categories and Subject Descriptors

C.2.4 [Computer Systems Organization]: 1.1 New resultsand related work

Computer-Communication NetworksBistributed Systems. This paper extends the work presented in [10] both on an algo-
rithmic and on a theoretical level. We modify the algorithm pre-

General Terms sented in [10] and obtain better synchronization with less compu-

tation and no additional communication or memory. We then ex-
amine how even better synchronization can be obtained, possibly
at the cost of additional computation, communication, and mem-
Keywor ds ory. To this end, we introduce a model for internal synchronization.
Sensor Networks, Time Synchronization, Clock Drift, Delay. This model allows us to find an algorithm which makes use of all
" _ the data a node can obtain from the network for a given communi-
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1.2 Overview we suppose that the absolute value of clbck drift is limited by

In Sect. 2, we formally define the system model and state the & known constarg;:
problem we want to solve. In Sect. 3, we revisit the algorithm from —pi<pit)<p Vt. 2
[10], propose an improvement and show that our improved algo-
rithm always outperforms the original algorithm. In the rest of the We call a clock for which (2) holds drift-constraint clock(DCC)
paper, we make use of a simplified system model which we intro- and a node equipped with such a clock a DCC node.
duce in Sect. 4. In Sect. 5, we then proceed to show how optimal ~We requirep;(t) > —1 for all timest (and alsop;(t) < 1, for
synchronization in simple scenarios is achieved, laying the founda- reasons that will become clear later). This means that a local clock
tion for the analysis of more complex scenarios in Sect. 6, where we can never stopg{(t) = —1) or run backwardg(t) < —1). Thus,
propose an algorithm which makes use of all the data available for for two eventsa, b with ta < t, occuring at nodd (whose clock’s
a given communication pattern. It thus provides optimal bounds, asdrift pj is bounded according to (2)), noéiecan compute bounds

we show in Sect. 7. Al[a,b], A'[a, b] on the real-time differencafa,b] :=t, —ta as
hi(ty) — hy (ta u ~ hi(tp) —hi(ta
2. SYSTEM MODEL AND dap= M) gy M)

PROBLEM STATEMENT .
. ; . 2.2.1 Admissible trace.
In this section, we give a model that captures those aspects of an T _
ad-hoc sensor network that are essential to our analysis. We then We call a traceadmissibleif it satisfies the constraints on clock
state the problem that we want to solve in the rest of the paper.  drifts as defined in (2).

2.1 Scenarios, traces, and views 2.3 Problem statement
To model the interaction of the nodes in a sensor network, we Ve define the problem of internal synchronization as follows:
define two types of events: sensor and communication events. ~ GiVen atrace with an event occurring at nddeat local timeh; (t),
Sensor events sensor node may receive sensor data from out- We are interested in tight bount(t), H(t) on the local timey (t)
side the network. We model this aseansor event which occurs of another nodé\, at timet, such thatd] (t) < hj(t) < HU(t) .

at the sensor node at real tige In the context of a sensor network, this situation arises, e.g.,
Communication event$Ve assume that communication occurs when a sensor evestis observed at timg by nodeN;, and an-
point-to-point between two sensor nodes. We model thiscsma other nodeN; wants to obtain bounds dm(ts). In the example in

munication event which occurs at real timg. A communication Fig. 1, the sensor nodé$ andN3 sense a vehicle at local times
event can consist of either one message being sent from a senden,(t;) andhg(ty).! If node Ny can compute bounds dm(t;) and
to a receiver, or of two messages being exchanged between the twdn () which show that; <t (i.e. HY(t1) < H/ (t2)), it can con-
communicating nodes. We will use the first notion of communica- clude that the vehicle entered the sensing ardsydirst and then
tion event until the end of Sect. 3, and then switch to the second that ofNs.

one.

sensing area

2.1.1 Scenarios, traces, and views.

We call the set of all events in a system and the real times at vehicle tragjectory
which they occur &cenario A scenario describes a particular com-
munication pattern.

For a given scenario, the local times of events can still be cho-
sen within certain limits imposed by the clock model (Sect. 2.2). If
we fix these times, we obtain an extension of a scenario: We call
the combination of a scenario and corresponding local times for all
events drace

A synchronization algorithm obviously has access only to the Figurel: To perform correct sensor-data fusion, nodeN; hasto
information known to the nodes executing it. We define \theav be ableto relate the observations of nodes N, and Nz in time.
Vi(t) of nodeN; at real timet as all the information that nods
could have obtained until time

\
node performing
sensor-data fusion

2.3.1 Guaranteed boundson local time.

2.2 Clock model All agorithmsdiscussed in this paper provide guaranteed bounds

Each node of the network is equipped with a local clock; the onlocal time. Giventhelocal timeof onenode at acertainreal time,

reading of nodé\j’s clock at real time is denoted ak;(t). We will bounds on the local time of another node at the same real time are

refer to the clock of nodé&l simply ash;. The drift of a clockh; computed. We call the difference between the upper and the lower
at timet is defined as the deviation of its speed from the “correct” bound the uncertainty.

speed and is thus given by Interestingly, the use of guaranteed bounds has not received much

dhi (t) attention, athough it has a number of advantages over using time

pi(t) = AP (1) estimates: (a) Guaranteed bounds on the local times at which sen-

dt sor events occurred allow to obtain guaranteed bounds from sensor-

For timest,, tp With ta # ty, we define the average drift [ty tp] as datafusion. (b) The concerted action (sensing, actuating, communi-

cating) of several nodes at a predetermined local time of a specific

Pi(ta,to) = (hi(tp) —hi(ta))/(to —ta) - ——— _
) o ) 1For simplicity, we assume that a sensor event is only generated at
The quality of synchronization that can be achieved depends on thethe first sensi ng of the vehicle, i.e. at the moment where the vehicle
assumptions about the properties of the nodes’ clocks. In this papergenters the sensing area.
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clock always succeeds: each node can minimize its uptime while
guaranteeing its activity at the predetermined time. (c) The com-
bination of several bounds for a single local time is unambiguous
and optimal, while the reasonable combination of time estimates
requires additional information about the quality of the estimates.

3. IMPROVING AN
EXISTING ALGORITHM

In this section, we first revisit the algorithm from [10]. We then
identify a straightforward improvement of that algorithm, and fi-
nally compare the two a gorithms by quantifying thisimprovement.
The result is that our improved algorithm always outperforms the
original algorithm from [10].

3.1 Thealgorithm from [10]

In [10], synchronization is achieved as follows: At some time
after the occurrence of a sensor event s at node N;, this node sends
bounds on the local time h; (ts) at which the event occurred to node
Ni. Node N; receives these bounds and transforms them into bounds
on the local time h;(ts) its own clock was showing at time ts. We
will now seein detail how this transformation is done.

The message exchange between a sender and a receiver node
is depicted in Fig. 2. At time t3, the sender node N; observes a
sensor event and stores its local time hj(t3). At time t4, node N;
sends h;(t3), the local time hj(t) at which the last acknowledg-
ment ACK 1 was received from node N;, and the current local time
hj (t4) to thereceiver node N; in asingle message M». This message
is received by N; at local time hj(ts). Node N; can now compute
bounds on h;(t3) by subtracting from hj(t5) the maximal and mini-
mal local timethat can have elapsed in the real-timeinterval [ts, ts].
Fot the lower bound, thisyields

Hlte) = (s)  (hy 1)~y 1)) T2
J
_((hi(tS)—hi(tl))_(hj(t4)_hj(t2))i;—g;) )

The expression on the second line of (3) is an upper bound on the
local-time difference hj(ts) — hi(t4), i.e. on the delay of M5 ex-
pressed in local time of N;. For the upper bound, we have

1-pi
HEs) = hits) — (N (t0) () 5 @
3.2 Improvement to thealgorithm
Equation (3) can be simplified algebraically to
1-p
H! (ta) = hi(ta) + (hj (ta) —hj (t2)) rg]
1+
~(hi) ~hy(t9) T 5

This equation shows that the lower bound is actually computed by
first advancing the local time hj(t;) by the minimum local time
(of node N;) that passes in the real-time interval [t1,t4] (note that
t) —t1 = 0 is assumed, i.e. the delay of ACK; is assumed to be
zero), and then subtracting the maximum local time that passes in
the interval [t3,t4]. Informally speaking, we start at t;, walk past tp
and t3 tot, and then back to t3. Our improvement is straightforward:
We compute the lower bound H! (t3) by advancing hi(t;) by the
minimum local time that passes in the real-time interval [t1,t3], i.e.

1-pi
1+pj

H (ts) = hi(tz) + (hj (ta) — hj (t2)) 5
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Note that we do not change the way the upper bound H'(t3) is
computed.

3.3 Comparison
The difference in uncertainty of the two algorithmsis

AU = (hj(ts) — hj (t3)) <ij§; - ilg)
:(hj(t4)fhj(t3))21(3i(7;jp)jz) '

The improvement over the origina algorithm is largest for large
values of hj(ts) — hj(t3) and large maximal drifts. Since our algo-
rithm provides an equal or better uncertainty with less computation
and otherwise equal resources, it isstrictly superior to the algorithm
from [10].

We now give a numerical example which we will come back to
later in the paper. We let Nj and Nj communicate periodically every
hour. The event s occurs 100 seconds after acommunication, and N
and N;j both constantly have maximal drift +p; = +p; = 100ppm.
We need not make any assumption about the message delays, since
they do not influence the difference in uncertainty, which for the
above values is greater than 1400ms.

4. A SIMPLIFIED MODEL

Our improved agorithm from Sect. 3 does not provide optimal
bounds in all cases. In the rest of the paper, we examine how op-
timal bounds can always be obtained, possibly at the cost of ad-
ditional computation, communication and memory. In this section,
we introduce a simplified system model which allows us to focus
on the relevant factors.

4.1 System model

We now introduce a simplified model which we will use in the
rest of the paper. The simplification consists in ignoring message-
delay uncertainties and combining a message exchange between
two nodesinto asingle, atomic communication event. Thisisshown
in Fig. 3, where during each of the communication events a and b,
each node sends and receives one message (we do not count ac-
knowledgments as messages here).

Although our model contains some simplifications, our analy-
sis is still useful because it gives bounds on what is achievable
in case of known message delays. By exchanging multiple mes-
sages between two nodes, the delay uncertainty can be bounded to
a few microseconds [1, 4, 5, 9]. Such bounds on the delay can be
integrated into our equations. We will now argue that for typical
sensor networks, the impact of message-delay uncertainty can be
neglected.

4.1.1 Drift vs. delay uncertainty.

Clock-synchronization algorithms face two problems: The infor-
mation a node has about the local time of another node degrades
over time due to clock drift (thisisillustrated in Fig. 4), and itsim-
provement through communication is hindered by message-delay
uncertainty. The influence of drift and delay uncertainty can to a
large extent be studied separately.

The influence of the clock drift on the quality of synchronization
may dominate over the influence of the message delays. This is
the case in those ad-hoc sensor networks where communication is
sporadic not only in the sense of unpredictable, but also in the sense
of infrequent. With decreasing frequency of communication, the
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Figure 4: Graphical representation of the knowledge of node N; about the local time h; of node N; as a function of real timet. The
shaded area istheregion in which hj can lie. The two nodes communicate at eventsa and b. On theright, hj —t is plotted against t;
additionally, the infor mation about past values of h; that N; gathers at event b is shown as a lighter-shaded area.
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Figure 3: Two nodes N;, Nj communicate at eventsa and b. A
sensor event soccursat node N;.

uncertainty due to clock drift increases, while the uncertainty due
to message delays remains constant. A numeric example: Suppose
the message delay contributes 1 millisecond to anode's uncertainty,
and the clock drift is bounded by p = 100ppm. After 5 seconds,
the drift’s contribution to the uncertainty equals that of the delay.
After one hour, it is 720 times larger. In such settings, neglecting
the delay uncertainty is acceptable.

5. OPTIMAL SYNCHRONIZATION
IN A SIMPLE SCENARIO

In this section, we examine the simple scenario depicted in Fig. 3.
We propose straightforward bounds and show that they are tight.
This lays the foundation for the analysis of more complex scenar-
iosin Section 6.

5.1 Basicsetting

In the scenario depicted in Fig. 3, we assume that both nodes
gather and exchange data as follows:

1. At event a, the nodes exchange their local-clock readings

93

2. Atevent s, node N;j timestamps the event with the local-clock
reading hj (ts).

3. At event b, the nodes exchange their local-clock readings
hi(tp), hj(t,). Furthermore, node Nj communicates the time
stamp hj (ts) to node N;.

In the end, both nodes share all the available information. The
computation of the bounds H (ts), H(ts) we show in the following
can thus be performed by any of the two nodes.

5.2 Computation of the bounds

Thefollowing two lemmas show how tight bounds H (ts), H(ts)
on hj(ts) are obtained from local times of events preceding or suc-
ceeding event s.

LEMMA 5.1. Let two DCC nodes N;, Nj with drift constraints
pi, P; be given. If only the local-clock readings h(ta), hj(ta) of
both clocks at some time t; and the value hj(ts) for some ts > ta
are given, then tight bounds H! (ts), H'(ts) with H/ (ts) < hi(ts) <
H'(ts) are given by

hj(ts) —hj(ta)

Hit) = hilta) + = 2= (1-h)
o) =Rt + P 1)

PROOF. According to (2), thereal-time difference A[a, s| =ts—
ta islimited by

hj(ts) —hj(ta) _ A < hj(ts) —hj(ta)
1+pj 1-pj
Thelocal clock of node hy has advanced for a period of A[a, 5] with
aspeed between 1— p; and 1+ ;. Thelower bound H! (ts) follows
by combination of minimum A[a, s] with minimum speed, the upper
bound H"(ts) analogously for maximum values. The bounds are
tight since they are indeed attained for these combinations. [



Looking again at the scenario depicted in Fig. 3, bounds on h (ts)
can of course be computed also by relating hj(ts) to hj(ty) instead
of to hj(ta).

LEMMA 5.2. Let two DCC nodes N;, Nj with drift constraints
pi, Pj be given. If only the local-clock readings hi(ty), hj(ty) of
both clocks at some time t, and the value hj(ts) for some ts < ty,
are given, then tight bounds H! (ts), HY(ts) with H! (ts) < hi(ts) <
H!(ts) are given by

hj(to) —hj(ts)

Hits) = hilty) — = 2= (1+h1) (©)
i) =) - P S ap) @

PrROOF. According to (2), thereal-time difference A[s,b] =t, —
ts islimited by

hj (tp) — hj(ts)
14 p; - - '

1-pj

Thelocal clock of node hy has advanced for aperiod of Afs, b] with
a speed between 1 —pj and 1+ . Sincets < tp, the lower bound
H! (ts) follows by combination of maximum A[s, b] with maximum

speed, the upper bound HY(ts) for minimum values. The bounds
aretight since they are indeed attained for these combinations. [

5.3 Comparing and combining
Lemmas5.1and 5.2

If we compare the uncertainty about hj(ts) for the bounds from
Lemmas 5.1 and 5.2, we can observe that the two methods yield the
same uncertainty (but not the same bounds) if

Py 1) = 3 (1) + hj () -

(Note that this does generally not mean ts = %(tb +ta).) Other-
wise, using the local-clock reading which is closer to hj(ts) yields
asmaller uncertainty and thus a better result.

Obviously, we can use both hj (ta) and hj(ty), combining the dif-
ferent bounds from Lemmas 5.1 and 5.2. We state this in the fol-
lowing corollary.

COROLLARY 5.3. Let two DCC nodes N;, Nj with drift con-
straints pj, pj be given. If for timesta < ts < t, only the local-clock
readings hi(ta), hj(ta), hi(tp), hj(ty) of both clocks and the value
hj(ts) are given, then tight bounds H! (ts), H"(ts) with H/ (ts) <
hi (ts) < H(ts) are given as the maximum and the minimum of the
lower and upper bounds computed according to Lemmas 5.1 and
5.2.

The uncertainty H"(ts) — H! (ts) according to Corollary 5.3 be-
comes minimal (i.e., zero) for maximal drift diversity, i.e. for p; =
+pi and pj = Fp;. Wewill seein the following that drift diversity
isaways beneficial.

6. ARBITRARY SCENARIOS

In this section, we examine synchronization in arbitrary scenar-
ios. Wefirst identify the general principle by which bounds on local
times are computed from bounds on real-time intervals. We then
propose an algorithm which computes these intervals using all the
data available for a given communication pattern.
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6.1 General approach

Let us revisit the scenario in Fig. 3: To obtain bounds on h(ts),
we computed bounds on the difference ts — t5 (either directly from
hj(ts) — hj(ta) or using ts —ta =t —ta — (t, —ts)) and then mul-
tiplied them with 1 — p; and 1+ pj, respectively. This resulted in
bounds on h; (ts) — hi (ta) which we added to hj (ta) to obtain bounds
on hj(ts). We then analogously computed another set of bounds on
hi (ts) from t, —ts and finally chose the best bounds.

In a more complex scenario, there may be various bounds A,
AY on the time differences that we use to compute bounds H! (ts),
HY(ts) onthelocal time hi(ts). The bounds &', AY can beillustrated
by paths in the event chart as shown in Fig. 5.

N Ni

N;

Figure 5. Three nodes N;, Nj, Ny with communication events
b,...,d. A sensor event soccursat node Nj. The communication
events ¢ and d may help to find better bounds on hj(ts). The
dotted lines indicate the real-time intervals on which bounds
are computed using the paths shown by the corresponding solid
lines.

6.2 Pathsin theevent chart

In the scenario depicted in Fig. 5, we can compute bounds on
hi (ts) simply by using (6) and (7) from Lemma 5.2. However, we
then do not use any information from the eventsc and d. Intheideal
case of maximum drift diversity between nodes N and N (i.e. pj =
+pi and px = FPk), the uncertainty about hi(ts) can be reduced
with this additional information, because pj(tc,tq) is known, and
hence aso pj(ts,tp). We need not make this knowledge explicit by
replacing (1= p;) with (1 ;) in (6) and (7), but can rather com-
pute for instance the lower bound H! (ts) ashi(tc) +A' [, 9 (1 fi),
where we compute Al [c, 5| along the path s-b-d—c in Fig. 5.

The general approach consistsin computing the bounds on h (ts)
using al possible paths in the event chart which start at event s
on node N;j and arrive at some event on node N. This approach
iselegant in that all improvements due to drift diversity are “auto-
matically” taken into account by traversing all possible paths and
choosing the best, i.e. the one that provides the best bound. The
quality of a path or of a path segment depends on how close the
assumed drift on it is to the actua drift. If the two are equal, we
call the path or path segment tight. If abound on hy(ts) results from
atight path, then the bound is equal to h (ts).

6.3 General algorithm

The agorithm we now propose chooses the best of all available
bounds on time differences to compute bounds on h (ts) by evalu-
ating all possible paths.



Different paths for lower bounds on h(ts):

hk(ta) — hk<tc)

1: AI [07 S] > hj(ts) —hj(ta) +

1+p) 1+
2: Nc,g > _hi<tti>:’;i t) | hk(tﬂkk(tc)
3 AYd,s] < hj(tsl);gjj(ta) _ hk<tdl>:;kk(ta>
4: AV[d, g < _hi<tti)+—ﬁhji(ts) _ hk(tdl);gkk(tw

Figure6: Illustration of pathsin the event chart. Four different pathsfor computing a lower bound HiI (ts) on hj(ts) are shown.

ALGORITHM 6.1. Letacommunication scenario between n net-
work nodes N, ..., N, be given. Assume that during communica-
tion events, the two nodes involved exchange their complete views.
Then for any event s that occurs at time ts at node Nj and not at
node N, node N; can compute tight bounds H! (ts), HY(ts) on the
local time h;(ts) fromits maximal (i.e. latest) view as follows:

1. For any event e at node N;, N; computes bounds A: le 9,
Af'[e s] onts —te by traversing all paths between sand e and
choosing the best among all the resulting bounds. We illus-
trate thisin Fig. 6 for Al[c,s] and AY[d, g

2. Bounds on h;(ts) are computed from the bounds obtained in
Sep 1: For every event e, we obtain bounds according to (we
use [ asan abbreviation for max{x,0})

| : les-(1—p))|
H (ts) > hy(te) + [lle.§ - (1)

~[-dlles-1+p)]
HY(ts) < i) + (A e (140)]
SIS CERERY L

In each of the two expressions above, only one of the max-
imization operations can yield a value strictly greater than
zero (remember that pj < 1), depending on whether e pre-
cedes or succeeds s.

3. The final bounds H! (ts), H"(ts) on hi(ts) are given as the
maximum of all lower and the minimum of all upper bounds
obtained in Sep 2.

6.4 Comparison with Corollary 5.3

We now revisit the numerical example introduced in Sect. 3. To
quantify the improvement of using additional paths, we extend the
example with an additional node Ny and events ¢, d as shown in
Fig. 7. Note that the time axis is not to scale: as before, we have
ty — ta = 3600s and ts — t; = 100s. If the drifts are as indicated,
then using all paths yields H! (ts) = HY(ts) = hi(ts). If we use only
the simple paths from Corollary 5.3, the uncertainty is above 40ms.

Algorithm 6.1 obviously requires alot of communication, mem-
ory, and computation. We present it as the theoretical reference for
the maximum synchronization quality that can be achieved. In the
next section, we show that the algorithm provides the best possible
synchronization.
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N N;

Nj

—Px +pi

Figure 7: lllustration of an extension of the numerical example
we introduced in Sect. 3.

+0j

7. OPTIMALITY OF ALGORITHM 6.1

We now show that in our model, no correct, deterministic algo-
rithm can obtain better bounds than those given by Algorithm 6.1.

THEOREM 7.1 (OPTIMALITY OF ALGORITHM 6.1). Let a
trace T, a sensor event s occuring at node N;j, and another node
N; be given. Then no correct deterministic algorithm A exists that
provides better bounds on h(ts) than Algorithm 6.1.

PROOF. We prove Theorem 7.1 by contradiction: Assume that
given the maximal (i.e. latest) views of al nodes resulting from
trace T, subsumed in atotal view V, an algorithm A provides the
bounds H! (ts) and HY(ts) which are correct in T, i.e. A (ts) <
hi(ts) < HY(ts). Further assume that algorithm A provides better
bounds than Algorithm 6.1, i.e. either F! (ts) > H! (ts) or HY(ts) <
HY(ts), where H! (ts),HY(ts) are the bounds computed by Algo-
rithm 6.1.

Aswewill show in Sect. 7.1, it isalways possible to construct an
admissible trace T/ with view V (i.e. T’ is indistinguishable from
T) in which hi(ts) = H! (ts). Thus, Algorithm 6.1 provides a tight
lower bound. Equally, it is aways possible to construct an admissi-
bletrace T” with view V inwhich hi (ts) = H(ts). Thus, Algorithm
6.1 provides atight upper bound.

Therefore, algorithm Ais not correct for either thetrace T’ (since
hi(ts) = H! (ts) < A (ts)) or the trace T” (since hj(ts) = H(ts) >
HY(ts)). This contradicts our initial assumption. [
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Figure 8: On theleft, thereare no cyclesin the event chart. It is therefore straightforward that all path segments can be made tight.
On theright, several pathsform cycles; thereforeit isnot a priori clear whether clock driftsand event times can always be modified

such that H/ (ts) = hi (ts).

7.1 Construction of indistinguishable traces

In the proof of Theorem 7.1, we required that for a given trace
T, it is possible to construct an admissible and indistinguishable
trace T/ in which hi(ts) = H/ (ts). The trace T’ is constructed by
making the path leading to the lower bound HiI (ts) tight; thisis
achieved by adjusting the drift rates along this path and shifting the
real times of the events limiting the path segments. Shifting the real
time of a communication event always affects two nodes and might
conceivably lead to a violation of (2). We will now show that this
cannot happen.

LEMMA 7.2. Let an admissible trace T with view V and the
sensor event s occurring at time ts at node N;j be given. For any
event e occurring at node N, let A'[e s be the lower bound on
ts — te computed by Algorithm 6.1. Then an admissible trace T’
with view V' can be constructed such that V/ =V and the lower
bound Al[e, 5] istight in T'.

PROOF. If Alle,s| =ts—te intrace T, we set T/ = T and are
done. If A! [e 9 < ts—te, It ppegt be the best path which isused by
Algorithm 6.1 to compute Al [e, ). If there is no other path from s
to e, then all path segments along ppeg Can be made tight without
influencing other paths, and we are done.

If there is at least one other path, we have a cycle and another
path might be influenced by the tightening of pyeg. Let event j (for
join) be an event on the best path pyeg at which another path pother
joins. Let event f (for fork) be the latest event on ppeg before j
which is also on pgiher- [N the right-hand chart in Fig. 8, we might
forinstance havee= j=a, f =S, Ppeg = S, and Pother = S-d—
ca.

Since ppeg iSthe best path, we have

Doesli- 11> Diper i T - ®

In the trace T’, the best path shall be tight, i.e. A'ba[j, f] =
A[j, f] = t§ —tj. We set the times at which events f and j occur

inT’tot? =t¢ and

©)
To show that T’ is admissible, we have to show that A'Other[j, f]

isavalid lower bound on t; —tj in T', even though tj > t;. This

follows from (8) and (9): t¢ —tg :A',m[j, f] zA{)ther[j., fl. O

t) =t —Dhegli, f] >t — (tr —)) =1; .
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COROLLARY 7.3. Thebound HiI (ts) can be madetight. Accord-
ing to Lemma 7.2, the best path from s to some event e on node N
can be made tight. Analogously, we can also set pj = +-p; between
events s and e, thus making H! (ts) tight.

We will now illustrate Theorem 7.1 with two examples. In the
left-hand scenario in Fig. 8, there is only one path; no matter how
large and complex the portion of the event chart to the | eft of event
c at node N; is, we can shift t¢ arbitrarily as long as there is only
one path from s to Ni. This also applies to b and t, here. Thus,
H! (ts) = hi(ts) can aways be achieved.

In the right-hand scenario in Fig. 8, there is more than one path
fromsto N;. The best path used by Algorithm 6.1 formsat least one
cycle with some other path. Thus, the real times of the events along
the best path cannot be shifted arbitrarily. In the following, we show
that they can always be shifted enough to make the best path tight.
Let us assume that the lower bound on h(ts) provided by Algo-
rithm 6.1isH/ (ts) = hi(ta) +A'[a, /(1 pi), and that the path s-a
from which A'[a, g is derived is not tight, i.e. A'[a, S| < ts — ta. TO
obtain the trace T, we therefore increase t, until A a9 =ts—ta.
To keep hj(ta) — hj(tc) constant, we need to decrease pj (tc,ta), in-
crease tc, or both. Suppose that pj(tc,ta) = —p; and hence cannot
be decreased. We hence have to increase tc. To keep hy(tg) — hi(te)
constant, we need to increase py(tc,ty), increase tq, or both. Sup-
pose that py(tc, tq) = +Px and hence cannot be increased. We hence
have to increase ty. To keep hj(tq) — hj(ts) constant, we need to
decrease pj(ts,tq) (remember that we cannot modify ts). Suppose
that pj (ts,tq) = —p; and hence cannot be decreased. Now, it would
seem that we cannot construct T’ with HiI (ts) = hi(ts).

Actually, we already have T’: We assumed

aj (te,ta) = —Pj Pk(te,td) = +Px F_)j (tsta) = —Pj -

These assumptions provide us with atight path s-d—c—a and thus a
tight bound

| _hj(ta) —hj(ts) hj(ta) —hj(tc) hj(ta) —hj(tc)
Alas= 1-pj * 1+p 1-pj

:ts—ta .

Obviously, the path s—a cannot be made tight if there already is
another tight path s-d—c—a. Our initial assumption that s-a is the
best path used by Algorithm 6.1 was therefore wrong.



8. CONCLUSION

We modified the algorithm for internal clock synchronization
from [10], obtaining better synchronization while reducing com-
putation and without requiring additional communication or mem-
ory. We then introduced a new model for internal synchronization
and argued why the abstractions the model imposes are reasonable.
Using this model, we devised an algorithm which uses al the data
that can be obtained for a given communication pattern, at the ex-
pense of additional computation, communication and memory. Fu-
ture work consists in the simulation and quantitative analysis of the
gainsin synchronization quality and of the additiona requirements
for alarge network; this allowsto find atrade-off between synchro-
nization quality and required resources.
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